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Z>-LACUNARY STRONGLY SUMMABILITY FOR
MULTIDIMENSIONAL MEASURABLE FUNCTIONS

Rabia Savas and Richard F. Patterson

ABSTRACT. Let Zo C P(N x N) be a nontrivial ideal. We provide a new
approach to the concept of Zs-double lacunary statistical convergence and
ZIo-lacunary strongly double summable by taking f(7,v), which is a multidi-
mensional measurable real valued function on (1,00) x (1,00). Additionally,
we examine the relation between these two new methods.

1. Introduction

The concept of a statistical convergence was introduced by Fast [9], and Stein-
haus [30] independently in the same year 1951. Actually, the idea of statistical
convergence was used to proved theorems on the statistical convergence of Fourier
series by Zygmund [31] in the first edition of his celebrated monograph published
in Warsaw. He used the term “almost convergence” place of statistical conver-
gence and at that time this idea was not recognized much. Since the term “almost
convergence” was already in use Lorentz [18], Fast [9] had to choose a different
name for his concept and “statistical convergence” was mostly the suitable one.
Active research on this topic started after the paper of Fridy [10] and since then a
large collection of literature has appeared. At the last quarter of the 20th century,
statistical convergence has been discussed and captured important aspect in creat-
ing the basis of several investigations conducted in main branches of mathematics
such as the theory of number [7], measure theory [19], trigonometric series [31],
probability theory [6], and approximation theory [12]. In addition, it was further
investigated from the sequence space point of view and linked with summability
theory by Connor [4], Et at. al. [§], Kolk [13], Orhan et al. [11], Kumar and Mur-
saleen [15], Rath and Tripathy [24], Salat [25], and many others made substantial
contributions to the theory.

DEFINITION 1.1. Let R be a subset of N and R,, = {i < m : i € R}. The
natural density of R is defined §(R) = lim,,, -=|R,,| provided it exists. Here, and in
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94 SAVAS AND PATTERSON

what follows, |R,,| denotes the cardinality of set R,,. A sequence y = (y;) is said
to be statistically convergent to the number L, provided that for every ¢ > 0, the
set R. = {i € N: |y; — L| > e} has natural density zero, that is

lim [{i<m:|y;—L| =€} =0.
m—0o0
Whenever this occurs, we can write st — lim; y; = L.

In 1993, Fridy and Orhan [11] established the following relation between lacu-
nary statistical convergence and statistical convergence.

DEFINITION 1.2. By a lacunary sequence 6 = (p,.), r =0,1,2,... where ko, we
shall mean an increasing sequence of nonnegative integers with p, —p,_1 — co. The
intervals determined by 6 will be denoted by Js = (pr—1,pr] and 2z, = p, — pr_1.
The ratio pprl will be denoted by ¢,. Let § = (p,) be a lacunary sequence; the

number sequence y is Sp-convergent to L if for every € > 0,

1
lim —{ie Js:|yi—L| >} =0.

T—>00 p,,,
In this case, we write Sy — lim; ,oc y; = L or y; — L(Sp).

In 1970, Bernstein [3] introduced convergence of sequences with respect to a
filter 7 on N. Using the concept of an ideal, the idea statistical convergence was
further extended to Z-convergence in [14]. The ideal convergence provides a general
framework to study the properties of various types of convergence. Some of the
most important applications of ideals can be found in [16], 17 26, 27].

For any nonempty set Y, P(Y) denotes the power set of Y. A family of sets
T C P(Y) is said to be an “ideal” on Y if and only if

(i) 0 eT;
(ii) For each A, B € T we have AU B € T;
(iii) For each A € T and B C A we have B € T.
A nonempty family of sets F C P(Y) is said to be “filter” on Y if and only if
(i) 0 ¢ F;
(ii) For each A, B € F we have AN B € F;
(iii) For A € F and B D A we have B € F.

An ideal Z on Y is called “nontrivial” if Z # () and Y ¢ Z. Tt is clear that Z C P(Y)
is a nontrivial ideal on Y if and only if F = F(Z) ={Y — A: A € T} is a filter on
Y. The filter F = F(Z) is called the filter associated with the ideal Z. A nontrivial
ideal Z C P(Y) is called an admissible ideal in Y if and only if it contains all
singletons i.e. if it contains {{y}:y € Y}.

Using the above terminology, Kostyrko et al. [14] defined Z-convergence in a
metric space as follows:

DEFINITION 1.3. Let Z C P(N) be a nontrivial ideal in N and (Y, d) be a metric
space. A sequence y = (y;) in Y is said to be Z-convergent to v if for each £ > 0,
then the set

Ale) ={i eN:d(y;,v) 2 e} € L.
Under this condition, we write Z — lim; oo y; = 9.
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Recently, Kostyrko et al. in [14] and Savas and Gumus [26] introduced new
concept of Z-statistical convergence and Z-lacunary statistical convergence respec-
tively. In recent years, ideas of statistical convergence, lacunary statistical con-
vergence and Z-convergence have been respectively extended from single to double
sequence in [2], [17], and [28].

We now present the following definitions, which will be needed in the sequel.

DEFINITION 1.4. [23] A double sequence y = (y; ;) of real numbers is said to
be convergent to L € R in Pringsheim sense if for any € > 0, there exists N, € N
such that |y; ; — L| < e, whenever 4,5 > N.. In this case, we denote such limit as

follow: P —lim; j o0 yi,; = L and y Ny

The following concept of statistical convergence for double sequences was pre-
sented by Mursaleen and Edely [20]. Also, Savag and Patterson [28] introduced the
notion of double lacunary sequence and defined the lacunary statistical convergence
for double sequence, and please note that let

To={ACNxN: (@m(A) € N)§G,5 > m(A) = (i,5) & A)}.

Then Z, is a nontrivial strongly admissible ideal and clearly an ideal Z, is admissible
if and only if Zy C Zs. Additionally, if 75 is the Zy, then Zs-convergence coincides
with the convergence in Pringsheim’s sense and if we take

Ty ={ACNxN:§(A) =0},

then Z4-convergence becomes statistical convergence for double sequences [2]. While
the work on sequences continued, strongly summable functions were introduced by
Borwein [1]. Following Borwein’s results, in 2010, Nuray [21] introduced A-strongly
summable and A-statistically convergent functions by taking real valued Lebesgue
measurable function on (1,00). Recently, Connor and Savag [5] introduced lacu-
nary statistical and sliding window convergence for measurable functions. In [22],
Nuray and Aydin introduced lacunary strongly convergence, statistical convergence
and lacunary statistical convergence of measurable functions on interval (1, 00). In
2019, by using Pringsheim limits, Savas [29] presented the new notion of mul-
tidimensional strongly Cesaro type Summability method by taking a real valued
measurable functions f(7,v) defined on (1,00) x (1, 00) as follows:
A function f(7,v) is said to be strongly double Cesiro summable to L if

m,n—c0 MmN

1 m n
P— lim —/ / |f(7,v) — L|dr dv = 0.
1 )1

The space of all strongly double Cesiaro summable functions will be denoted by
Wz

Following Savas’s results, in this paper we will present the more general no-
tion of Zs-lacunary double statistical convergence and Zs-lacunary strongly double
summability by taking nonnegative multidimensional measurable real valued func-
tion on (1,00) x (1,00). Moreover, we will establish the relationship between two
summability methods.
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2. Main Results

In this section, we shall present the following new definitions. Additionally, the
relationship between these concepts are investigated. Throughout this paper f(7,v)
shall be a multidimensional measurable real valued function on (1, 00) X (1, 00).

DEFINITION 2.1. A function f(7,v) is said to be statistically double bounded if
there exists some constant M such that

1
P— lim —H{(r,v):7<mu<n:|f(r,v]>M}| =0,

m,n—o00 N
where the vertical bars indicate the Lebesgue measure of the enclosed set. We will
denote the set of all double bounded double functions by F(¢)2,

Now, we will define the definition of double lacunary function to present our
main definitions of this paper.

DEFINITION 2.2. The double function © = {g(t), h(s)} is called double lacu-
nary function if there exist two increasing functions such that

9(0) =0, a(t) =g(t) —g(t—1) = 0o as t = oo,
h(0) =0, B(s) =h(s) —h(s—1) = 0o as s — oc.

where g&(f_)l) < 1, h?s(_f_)l) < 1, and ZE:% < 1 because of g(1) < h(1) < g(2) <

h(2) < ... < g(r—1) < h(r—1) < g(r) < h(r) as r — oco. We shall use the

following notations in the sequel, g(t,s) = g(t) - h(s) and a(t, s) = «a(t) - B(s), O
1)<

is determined by I ; = {(7,v) : g(t — < g(t) & h(s—1) < v < h(s)},
f(t) = g(gt(j)l) and 90(5) = hgls(i)l)’ E(t,s) = f(t) 90(5)-
DEFINITION 2.3. Let us consider the double lacunary function © p ={g(t), h(s)}.

A function f(7,v) is said to be lacunary double statistically convergent to L if for
each ¢ > 0,

1
P—tginooa(ts)H(TU €l |f(r,v) —L| > e},
where the vertical bars indicate the Lebesgue measure of the enclosed set. When-
ever this occurs, we write Sg, — lim f(r,v) = L. The set of all lacunary double
statistically convergent functions will be denoted by [Se,.].

DEFINITION 2.4. Let us consider the ordered pair of double lacunary func-
tions O = {g(t), h(s)}. A function f(r,v) is said to be lacunary strongly double
summable to L, if

L et phis)
P — lim —/ / — L|d7dv =0.
tis=oo at, s) Jgu—1) Jn(s— 1)
Whenever this occurs, we write [Ng, ] — lim f (T v) =L and
[N@F]{f(T,v):Elsome L, Pit?inooa // (1,0) L|d’rdv0}

(‘rv VELL o
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We shall denote the set of all lacunary strongly double summable functions by
[N @F]'
EXAMPLE 2.1. Let us consider the double lacunary function ordered pair of

functions O = {g(¢t), h(s)} and f(7,v) define as follows:

1 .
f(T, ’U) _ al(t,s) Sgn(V(Tv U))a if (Ta U) € It,s
0, if otherwise
where (7, v) denote the collection of functions that are bounded on I; 5, note that
f(TvU) € [N@F]
DEFINITION 2.5. Let Zo € P(N x N) be a nontrivial ideal. A function f(7,v)
is said to be Zs-convergent in Pringsheim sense to a number L, if for every ¢ > 0,
{(m,n) e NxN: |f(r,v) — L| > ¢} € Io.
Whenever this occurs, we write Zo — lim, 400 f(7,v) = L.
DEFINITION 2.6. Let Zy € P(N x N) be a nontrivial ideal. A function f(7,v)

is said to be Zy-double statistical convergent or S%(Zy)-convergent to L, if for each
e>0andd >0,

1
{(m,n)ENxN.%|{T§m,v§n.|f(T,v)fL|>€}|>5}€I2.

In this case, we write S%(Z2) — lim, y—oo f(1,0) = L or f(r,v) R L(S%(Z2)),
where S%(Z>) denotes the set of all Zo-double statistically convergent functions.

DEFINITION 2.7. Let us consider the double lacunary function ordered pair of
functions O = {g(t), h(s)} and Zo € P(N x N) be a nontrivial ideal. A function
f(r,v) is said to be Zo-double lacunary statistically convergent to L, if for every
e>0andd >0,

{(t, s) ENxN: H(r,v) € It s : |f(T,v) = L| 2 }| > 5} € Is.

a(t, s)
In this case, we write f(,v) R L(Se,(1z)) or Se,(Iz) — lim; y—eo f(T,v) = L,
where Sg,.(Z2) denotes the set of all Zy-lacunary double statistically convergent
functions.

DEFINITION 2.8. Let us consider the double lacunary function © p = {g(¢), h(s)}
and Zo C P(N x N) be a nontrivial ideal. A function f(7,v) is said to be Ng,.(Z2)-
lacunary strongly double summable to L, if for every ¢ > 0 we have,

{(t,s)eNxN: a(is) // |f(T,U)_L|>g}eIQ.
)

(T,v)€Elt s

When this occurs, we write f(, v) R L(Ne.(Iz)) or No.(Zz)—lim, oo f(T,0) =
L. No.(Zy) denotes the set of all Ng, (Z2)-lacunary strongly double summable
functions.
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ExXAMPLE 2.2. If we take
I, ={K CNxN: K =(Nx R)U(R x N) for some finite subset R of N}.

Let g(t) = (2') and h(s) = (3%) be two lacunary functions. We take a special set
A € Ty and define a real valued function f(7,v) by

V7o, for (t,5) ¢ A, 2071 +1 <t <28+ /a(t) and
37+ 1<s <35+ /B(s),
f(r,v) =< 1o, for (t,5) € A, 2071 <t <2 + (a(t))? and
357 < < 3% 4 (B(s))?

0, otherwise.

where I; = (2!71,2!] and I, = (3°71,3%]. Then for each & > 0, we have
1
- lim ——~ : —0[ = <P-— 1
P t,£11>noo Oé(t, S) |{(T’ U) € It75 |f(7-’ U) O| 5}| P t}sgnoo (a(t, S))
for (t,s) # A. For § > 0, there exists a positive integer zo such that
1
a(t, s)
for every (t,s) ¢ A and t,s > z9. Let B=1{1,2,...,20 — 1} and
1
E={(ts¢A: i) € T f () — 0] > e 2 6}
Thus, E C (N x B)U (B x N) and E € T, by structure of the ideal Z,. Therefore

{(r,v) € Ls 2 [f(7,0) = 0] 2 €}] <0,

{(t,s) ENxN: {(r,0) € Iy : | f(r,0) — 0] = £} >5} c AUE.

1
alt, s)
It follows that Se, (Z2) — lim; v f(7,v) = 0. However, similarly

1
P — t.ligloo mKT,’U) € It75 : |f(7',U> — 0| 2 €| - 0.
This example demonstrates that Seg, (Z2)-double statistical convergence is a gener-

ation of Sg,-double statistical convergence for the functions.

THEOREM 2.1. Let Iy C P(NxN) be an admissible ideal and O = {g(t), h(s)}
be a double lacunary function. Then we have the following:
(1) f(7.v) = L(Ne,(T2)) implies f(r,v) = L(Se,(I2));
(2) No,(Zs) is a proper subset of Se,(Zz2);
(3) If f(r,v) is statistically bounded and f(7,v) R L(Se,(12))
then f(1,0) 2> L(Ne,(I2)).

PROOF. (1) Suppose f(T,v) 4 L(No,(Zz)). For € > 0, we can write
// (r,v) — L|dr dv > // |f(1,v) — L|dt dv

()€l s (T0)€ls,s,| f(Tv)—L|>e

zel{(r,v) € I s [f(,0) = L] = €};



Z5-LACUNARY STRONGLY SUMMABILITY FOR MULTIDIMENSIONAL... 99

which implies

ot o) // (r,v) = Lldr dv > ot )|{(TU €lys:|f(r,v) —L| = e}

(1,v)ELL s
Hence, for any d > 0, we have the containment

1

{ts)eNxN: — SHEw) € L s 1) — L 2 e} 2 o}
{(t,s)eNxN T,v) — Lldr dv > 5(5}
(TU/G/ItS

Since f(7,v) R L(Neo,(12)), it follows that the later set belongs to Z; and thus

{(t,s ENxN: {(7,0) € Ly : |f(r,0) — L] = €}] = 5} €.

1
a(t, s)

Therefore, f(r,v) 2 L(So, (T2)).
(2) Let f = f(7,v) be defined as follows:

1 2 3 Val(t,s) 0
2 2 3 Val(t,s) 0

f(T,’U) = \E'/a(t,s) \S/Ck(t,S) Y a(t7s) 0
0 0 0 0 0

It is clear that f(7,v) is an unbounded double function and for € > 0,

1 _ al(t, s)
MH(TW) €l |f(r,v) — 0] 2} < W

which implies for any § > 0, the containment

{t.s)eNxN: {(r,v) € L : |f(r,0) > £} > 6}

g{(t,@eNxN:%}é}.

1
a(t, s)

3/
Since P — lim o(ts)

s = 0. It follows that the set on the right side is finite and
therefore belongs to Z>. This shows that

{(t,s) ENxN: {(r,v) € Ls : | f(r,0)] = }| > 5} € I,

1
al(t, s)
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and thus we obtain f(,v) 2> 0 (Se, (Z2)). On the other hand

/ |f(r,v)|dT dv = {alt, s)(3/alt, s)(3/alt, s) + 1)) »,

1
2a(t, s) 3

as t,s = oo

(T7U)€It,s

implies that the function
( (tl 5) Yalt,s)(Valt,s) (¥ alt,s) + 1))) Bilast,s > o0

and for € = 7, we are granted the following

1
(1,v) € L 5| f(7,v)|dT dv > Z}
)(/alt,s)(/alt,s) + 1))

This shows that f(r,v) Lo (Ne,(Z2)) does not hold.

(3) Provided that f(r,v) € F(£)% such that f(r,v) ©> L(Se,(Z2)). Then
there exists a R > 0 such that |f(r,v) — L| < R for all (r,v) € N x N. Also for
each € > 0, we can write

// (7,0) umw—(;) // f(r0) — Lldr dv

(rv )ELs,s ()€l s, f(T,0) = LI 25

1
{(t,s) €eNxN: alt.s)

1
:{@QENXN:
at

}GF(IQ)

N)I»—l

|f(7,v) — L|dT dv

a(t, s)
(rv)€ly o |f(rv)-LISS

< a(fs)‘{(T’U> €ls:|f(r,u)—L| > g}‘ + g

&LﬁeNxN:Mig [/|ﬂﬂ@LMﬂw>€}

(T7U)€It,s

c {(t,s) eENxN: ﬁ‘{(T,U) elys:|f(r,v)—L| > %}’ > %}

Since f(7,v) R L(Se,(Zz)), it follows that later set belongs to Zs, which implies

{(t,s)eNxN: a(tl 3 // |f(T,v)L|deu>s} € I.

(Tyv)€lt,s

As a result, we obtain

This demonstrates that f(r,v) R L(No,(12)). O

In the following, we investigate the relationship between Z;-double statistical
convergence and Zp-lacunary double statistical convergence for two dimensional
measurable functions.
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THEOREM 2.2. Let ©p = {g(t), h(s)} be a double lacunary function and Iy C
P(NxN) be a nontrivial ideal, f(7,v) R L(S%(Zy)) implies f(t,v) R L(Se,(12))
if and only if liminf; £(t) > 1 and liminfs o(s) > 1. If liminf;&(¢t) = 1 and
liminf, o(s) = 1, then there exists a bounded two dimensional function f(r,v)

which is Is-double statistically convergent but not Zy-double lacunary statistically
convergent.

PROOF. Suppose lim inf; £(¢) > 1 and lim infg ¢(s) > 1; then we can find ¢ > 0

such that 1+ < £(¢) and 14 ¢ < p(s) for sufficiently large t and s. This implies

a s P
% > % and ggsg > % If f(r,v) — L(S%(Z3)) then for every € > 0, we

obtain the following;:

1
oyl S 9() and v <hls) < |f(rv) = LI > €}
1
P o S)H(T,U) elys:|f(r,v)—L| = e}
_aft,s) 1 . N ]
~g(ts) Oz(t,s)H(’ ) € Iys : | f(1,v) — L| = €}

>(T%Efa%§mﬂwenﬁwﬂﬂmu>sn

Then for any ¢ > 0, we have

1
{(t,s) ENXN: —oI(rv) € s f(7,0) = 1 > ¢ >5}
1
- {(t,s)ENXN: g(t,s)|T<g(t) and
v<M$ﬂﬂﬂW*M>d>5G%ﬂf}€b.

Therefore f(1,v) R L(Se, (Zz) and this proves the sufficiency.
On the other side, assume that liminf; £(t) = 1 and liminfs p(s) = 1. Let

us choose a double subsequence function g(n;,9;) = g(n;) - h(¥;) of the lacunary
double function ©r such that

9(ni) 1 h(¥;) 1
P 142 and —2 <14 -,
g(ni —1) i h(9; — 1) J

glni—1) _ . h(v; —1) _ .
== >i and ———= >
g(ni-1) h(9;-1)

where s 2 MNi—1 + 2, and 19]' 2 ﬂj,1 + 2.
Let us define f(z,y) as follows:

)1, if (x,y) € I, v,
fy) = {0, otherwise '
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Then, for any real L,

// ,y) — Lldedy =11—L| fori,j=1,2,...
7717
(‘rv €ly,, 9
//‘|f@aw-—wady=|L| for (t.5) # (1.,
(1,0)ELL s

Then it is obvious that f(7,v) does not belong to Ne, (Z2). Since f(1,v) € F({)%,,

Theorem [ZT(3) implies that f(,v) £ L(Se,(Z2)).
If m and n are any sufficiently large integers we can find unique 7 and j for

gmi—1) <m < g1 —1) and h(Y; —1) <n < (P —1).

Afterward,

e
—Hr<smu<n:|f(r,v) — L] > €}
m
<
=

1
/ (z,y)|dx dy

9(7%' — 1) +a(n) h(¥; — 1) + B(Y;)
< ) Ty )
gni —1,9; — 1) n g(ni —1) - B(V;)

g — 1,95 = 1) g(ni — 1) - h(9; — 1)

a(n) - h(¥; — 1) N a(n) - B(Y;)

g(ni —1)-h(¥; —1)  g(n; —1)-h(9; —1)

B(¥;) + a(n;) a(n) - B(V;)
(95 —1)  gmi—1)  gni—1)-h(¥; —1)
h(0;) =h(9; = 1) g(m) = g(ni = 1)

h(¥; —1) g — 1)

lg(n:) — g(mi = 1)] - [A(9;) — h(9; = 1)]
g(ni—1)-h(¥; —1)
h(¥;) g(n:)
OESTRR T

Gy ) G, )
JERES IS
11 1

<1+-+-+=<C
Joig

<

<1+

where C is any sufficient large constant. Hence f(7,v) is Zo—double statistically
convergent for any nontrivial ideal Zs. (|
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For the next result we assume that the double lacunary function © satisfies
the condition that for any set Gy € F(Zs),

Unn{(m,n) 1 g(t = 1) <m < g(t) & h(s — 1) <n < h(s), (t,s) € G2} € F(I,).
THEOREM 2.3. Let ©p = {g(t), h(s)} be a double lacunary function and Iy C

P(NxN) be a nontrivial ideal, f(1,v) Ei L(Se, (1z)) implies f(7,v) R L(S%(I,))
if and only if limsup, £(t) < oo and limsup; ¢(s) < oo.

PROOF. Suppose that limsup, £(t) < oo and limsup, ¢(s) < co. Then, there
exist0<R<ooand0<S<oosuchthat«f()<Rand<p(s)<5’, forallt > 1

and s > 1. Suppose that f(7,v) R L(Se,(Z2)) and for €,4,6* > 0 define the sets

M) € has 1) 1> <} < 6,

N 1
By = {(m,n) e NxN: %HTgm,Ugn: |f(r,v) — L| > e} <5*}.

ng{(t,s)ENxN:

It is clear from our assumption that G‘g € F(ZIy), the filter associated with the
ideal Z5. Additionally, we observe that

~ 1
Aoy = o) € iy 1fr0) = L] > €} <
for all (i,7) € Ga. Let (m,n) € N x N be such that g(t —1) < m < g(t) and
h(s —1) < n < h(s) for all (¢,s) € Gy. Moreover, a(t,s) = a(t) - B(s) = [g(t)
g(t =D -[h(s) = h(s = 1) < g(t,s) —g(t —1,5), and g(1) < h(1) < g(2) <h(2 )
< g(r—1) < h(r—1) < g(r) < h(r) as r — oo, we obtain
—Hr<muSn:|f(rv) - L > e}
= N <9 < b If(r) — 1l > <)
— o € B ) < LB )
1
+ mH(Tav) €lLis:|f(mv) — L 2 e}

g(2,2)*g(2,1) 1
Sogt—1,5-1) a(2,2)
9(3,3) —g(2,3) 1
gt—1,s—1) «a(3,3)
g(t,s) —gt—1,8) 1 o i

Wi Ls_ D a@s (nV) €L If(rv)— LI >}l

9(2,2) —g(2,1) - 9(3,3) —g(2,3) « g(t,s) —g(t—1,s) «
< mAz,er mA373+...+ Aps

glt—1,s—1)
< sup Ai,j g(t’ S) < RS}.

(i,j)GGz g(t—l,s— 1)

{(r,v) € oo : [f(7,v) — L > €}|

{(r,v) € Iz : [f(T,v) — L| > €}|

+
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Choosing 6* = % and in view of the fact that

Unn{(m.n): g(t = 1) <m < g(t) & h(s — 1) < n < h(s), (t,5) € Ga} C Ej,

where Gy € F(I) it follows from our assumption on ©p that the set Ey € F(Zy)
and this completes the proof of the theorem. O
THEOREM 2.4. The set So,(Z2) N F(¢)2, is a closed subset of F ()%, where

oo o7

as usual F (€)% is Banach space of all bounded real functions endowed with the

supremuim norm.

PROOF. Suppose that f, n = fm.n(T,0) € Se,(Z2)NF(£)% is a P-convergence
function and converges to f(7,v) € F(¢)%,. Since fmn € So,(Z2), there exists i, n
form=1,2,3,... and n =1,2,3,... such that Se,(Z2) — P — lim f, »n(7,v) = p.
We first show that the sequence pip, , is P—convergent to some number p and
f = f(7r,v), which is a real valued function of two variables measurable on (1, 00) X
(1,00), is Zp-double lacunary statistically convergent to p. Since fu, n(7,v) —
tm.n(Ser(T2)). As fm.n — f implies fi, , is a multidimensional Cauchy function.
Therefore for every € > 0, there exists a positive integer ny such that for every

p=m =mngand ¢ = n = ng, we obtain |f, o — finl < 5. Since fu, n(7,v) £,

tim.n(Sep(T2)), so for each & > 0 and § > 0, if we denote the sets

Ry = {(t,s) e NxN: a(lfl,s)‘{(T’U) ELis: | fmmn(T,0) — | = %H < 2}7
B2 = {(t’ s) €NxN: a(t, s) H(T’U) € los t |fpalT,0) = iyl = %H < g}’

then @ # Ry N Ry € F(Z2). Let (¢,s) € Ry N Ry, then we obtain

1 . 5
’ €l s+ [Jm,nlT, - Mm,n 2 _}‘ <z,
a(t,s) (m,n) € Its ¢ | fran(T,0) = fim,nl . .
1 . 5
a(t, ) H(m,n) €Ls | fpqg(T,0) — ptipgl = 5}‘ <
which implies that
1 H( ) € Lis 2 | fnn(T,0) 1> SV |fpq(rv) |>€H<5<1
m,n s | Jmn\T,U) — Umn| =2 3 T, V) — > - .
aft, s) ’ b ’ Hm, 3 P:q Hp,q 3

This shows that there exists a pair (79, vo) € I, for which | fy, n (70, V0) = tm.n| < §
and | fp4(70,v0) — fip,q] < §. Moreover, for p > m > ng and ¢ > n > ng, we get

|,Um,n - :Up,q| = |Mp,q - fp,q(7—07U0)| + |fp,q(7—07U0) - fm,n(TOa U0)|

9 9 9
+ |fm7"(TO’UO) - :um,n| < 3 + 3 + 3= E.

Hence (f4m,n) is a Cauchy double sequence in R (or C) and consequently there is a

number g such that i, » L . Now to prove the theorem it is sufficient to show
that the real valued measurable function of two variables f = f(7,v) = p(Se, (Z2)).
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Since frn = fmn(T,v) € Sop(Z2) N F(£)% is a P-convergent function and P-
convergence to f(r,v) € F(£)%,. Therefore, for each ¢ > 0, there exists a positive
integer nq () such that

| frn(T50) = fnl < % for m,n > ni(e).

Also fim.n i i, so for each € > 0, we can find another positive integer na(e) such
that
€
|.Um,n —pl < 3 Vm,n = na(e).

Choose n3(e) = max{ni(e),n2(e)} and mg, no > ng(e). Then for any (r,v) € NxN
|f(Ta U) - :U’| < |f(Ta U) - fmo,no(T’U)l + |fm07no (T’ U) - :U’mo,nol + |:u’m0,n0 - Ml

€ €

<3t |fm0,n0(7',U) - :umo,n0| + 3

3 3
and therefore the containment
€
{(T U € It s - |f(T U | E} C {(T,U) € It,s : |fm0,n0(7-av) - Mmo,nol 2 g}
implies

{(r,v) € It [f(T,0)] = e}

a(t, s)
1
X MH(TvU) € It-,S : |fm0,n0(7_7v> - Mmo,n0| 2 5}'
In addition, for any 6 > 0 we obtain
1 €
{(ta S) € NxN: Oé(t, S) {(T’U) € It75 . |fm07"0(TaU) :U/’mo,nol 5}’ < }
1
- : :
c {(t.s)eNxN a(t’s)‘{(m)egs £(7, >e}| <3},
Because
1
{(9) xS [l ) € Lt o (1)~ ol > 5| < 5} €
Therefore
1 -
: - —u| = .
{(t.s) enxn ) € T 1 0) =l > €} < 5} e F(1)
Hence,
1 ~
: : —ul = .
{(t,s) ENXN: s {(7,0) € To 1 (r0) = 2} < 5} e
This demonstrates that f = f(7,v) R w(Se . (Z2)). O
COROLLARY 2.1. The set (S%(Z2)) N F(0)% is a closed subset of F(£)%
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