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ABSTRACT

In this paper, generalized b-scrolls with p' degree are introduced in the n-
dimensional Minkowski space R'. Asymptotic bundle and tangential bundle are

defined. In the case of space-like or time-like Frenet vectors , the equation of central
space is computed.
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n-BOYUTLU MINKOWSKIi UZAYINDA P. DERECEDEN
GENELLESTIRLMIS B-SCROLLAR VE
STRIKSIYON(MERKEZ) UZAYLAR

OZET

Bu calismada, n-boyutlu Minkowski uzayinda, p.mertebeden b-scrollar tanimland:.
Asimptotik ve tegetsel demetler yardim ile Frenet vektorlerinin space-like veya time-
like olmas: durumlarinda olusan merkez uzayin denklemi ifade edildi.

Anahtar Kelimeler: B-scroll, time-like, regle yiizeyler, merkez uzaylar
1. INTRODUCTION

First of all b-scrolls were introduced in the 3-dimensional Minkowski space
R13 ,[1] and [2]. For an integer q with 0 < g<n, changing the first plus signs

above to minus gives a metric tensor
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< >——ZVW+ZVW‘

j=0q+1

of index q. The resulting semi-Euclidean space R

¢ reduces to R" if g=0.

For n> 2, Rln is called Minkowski n-space ,[3] . In the n-dimensional

. . n . .
Minkowski space R1 , lorentz metric is

n
_ 1 iyl
<vp,wp> ‘_VW1+Z;V w
j=

In the n-dimensional semi-euclidean space Rg , if the Frenet vectors of curve

n(l) with arc length t are V,V, ..., V,, the Frenet formulas can be given by

the following equations

vl = leZ
Vi = —g,6K 0V, KV,
vr = Zgr 1k V

Here £, =(V,,V;) and i >r for k ¢O, [4] and [5].
In the n- dimensional Minkowski space, since the index q is 1, only one of
the &, = <Vi ,Vi>,1< I <Tr, will take the value —1 . Here, since 7(l) is
time-like curve, then V1 is a time-like vector. Hence, only &, = -1 . As
V,,V,,...,V, arespace-like, then &, =&, =&, =... = ¢, ; = +1.

If V, is a time-like vector , then the Frenet formulas can be given by the

following matrix form,
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v, 1 [o k, 0 0
vV, k, O k, O
V, 0 -k, O K,
V, | |0 0 —k; O
\

=

v, | |0

Similary, if V, is a time-like vector, then
v, | [0 k, 0 0
vV, k, 0 k, O
V, 0 k, O K,
Vv, 0 0 -k, O
\
=
\Y/ 0

0
-k
0

r—

2

K-

r

0
- kr—l

0o TV,
v,
V3
V4
0 |V,
krfl Vrfl
0 |V |
0o TV, |
v,
V3
V4
0 |V,
K.,V
0o |V, |

is the matrix form of the Frenet formulas. Similary, for each time-like vector

V,, matrix form of the Frenet formulas can be obtained.

Definition 1. In the N — dimensional Minkowski space R] , 7(l) is a time-

like curve with arc length t. If the Frenet vectors are V{l V.., V., then
1
Sp\;{L,VZ,...,Vp 5 p<r<n

is the time-like oskulator space with p th degree. In this case,

(p(t’ up+1’ up+21"" ur) = Tl(t)‘*' Zujvj(t)

j=p+1

is the parametrization of generalized b —scroll with pth degree.The directrix
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of this generalized Db —scroll with pth degree, is the time-like curve 77(l).
That is 77(t) =V, is a time-like vector. The space-like generating space of

generalized D —scroll with pth degree has span with subvectors

\Y V,

p+1r Yp+2rttr Yo
. . . . ™~ . . .
Since this generating space is € — P _—-dimensional , it can be

shownby E, . The dimension of this special surface b-scroll is ¢ - p:+ 1.

Figure 1: The generalized b-scrolls with pt degree.

Let M be this surface whose ordered basis tangent vectors at the point 77(t)

are given as follows:
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o = A+ YuN,0=V,+ Yuv,

j=p+l j=p+1
(Dupﬂ - Vp+l
¢up+2 - Vp+2
o, = V.

Definition 2. In the N — dimensional Minkowski space R}, the asymptotic

bundle, [6], of generalized D —scroll with pth degree, is denoted by

AWM) =Sp X1 Voo Vi Vot Voo V, ’
Since
Vi, = —kV,+k,.,V,,
Vi = —KpuVou+Kko Vo

Then only the vector V'p .1 is linearly independent from vectors

V..,V .V, . On the other hand, the vectors V

p11 VY pioe .,Vr are dependent

p+21*

on the vectors Vp+l ,Vp+2 ;s V. All these vectors are space-like vectors.

- AAVARRAVANSNR VAN
is an orthonormal basis of A(t) and dim A(t) = r — p+1. The asymptotic

bundle A(t) is space-like because, unique time-like vector V, of Frenet
vectors is not an element of A(t) .
Definition 3. In the N —dimensional Minkowski space Rf , denote the
tangential bundle ,[6], of the generalized b —scroll with pth degree, by

T() =SP Xyt Vorars Vir Vo, Vo Voo

Since
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Verl = - kap + kp+1Ver2
Vp+2 = - kpﬁ-l\/p+1 + kp+2\/p+3

only the two vectors 77 =V, and Vp .1 are independent from vectors

ViV V.. The vectors Vp+2,...,\/'r are dependent on the vectors
Vp+1,Vp+2,...,Vr. The vectors Verl,sz,...,Vr are space-like, but 77 =V, is
time-like.

0 Vor Vo Voszrn Vi

is the orthonormal basis vectors of T(t) and dim T(t) =r—p+2. T(t) is
time-like because, the time-like vector V, is an element of T (t).
Definition 4. In the N—dimensional Minkowski space R;, since dim

A(t) # dim T(t) , the generalized b —scroll with p" degree and with
time-like directrix, has not an edge space but , there is a striction (central)

space, [6]. The dimension of this striction (central) space is € — p:. Vectors

\Y

e for 1<, are space-like thus we can calculate the striction space as in

the Euclidean space. That is, the position vectors of the striction space are the

solutions of the differantial equation system , which has the following matrix

form:
_u p+1 ] i O I‘(p+1 0 O T p+1 ]
l.'Ip+2 - kp+1 0 kp+2 : p+2
L.'Ip-¢—3 0 - kp+2 0 up+3
ur—z O kr—2 O ur—2
lJr—l - kr—2 0 kr—l u._
a, | [ O 0 -k 0 Ju, Jo.

Corollary: In the N — dimensional Minkowski space R, , if one of the vectors
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V..V, V,,.., Vp is time-like, the position vectors of the striction space of the

generalized D —scroll with pth degree will be the same with the solutions of

the equation system which has the matrix form given above (1) .

Definition 5. In the N — dimensional Minkowski space R;, 77(l) is a space-

r
Sp ‘v{,vz,...,vp J; p<r<n
is the space-like osculator space with pth degree. In this case,

Ot Uy Up g U ) =1 + DUV (D)

j=p+1

like curve with arc length t. If V;l,VZ e V. :are the Frenet vectors, then

is the parametrization of generalized b —scroll with pth degree.The directrix
of this generalized b —scroll with pth degree, is the space-like curve 7(l),
thatis 77(t) =V, a space-like vector .

E,, =SP X0 Voo Vs
is the time-like generating space of the generalized D —scroll with pth

degree. Only one of the vectors V_,,V .V, is a time-like vector, since

p+17 ¥ p+27°t
the index q is 1.

First of all, let V

sp:<V

pil be a time-like vector. It means that

Vou)=-1 and £, =V, V)6 =V, V) =1

p+1?
According to the definitions of the asymptotic bundle and the tangential

bundle of generalized b — scroll with pth degree,
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Vp = —g,,8,,K, V,, +k )V,
Vp+1 = —g,5,K V, +k V ,
= k,\V,+k,,V,
Vp+2 = - 8p8p+1kp+lvp+1 + kp+2vp+3
= kp+le+l + kp+2Vp+3
Vp+3 = - 8p+18p+2kp+2vp+2 + kp+3vp+4
= —-k,,V _,+k .V

p+2 Y p+2 p+3 Y p+4

are obtained by using Frenet formulas. If V;is time-like , then only first

terms of vectors Vp 41 and Vp .» will change their signs. However, other signs

will not change.

p(t) is any curve family with equation

p® =1+ Yu OV

j=p+1
and it has the derivative
r r
plt)y = 7+ DUV, + D uy,
j=p+l j=p+l
r r-1 -~
= Vit z UV, + z uj "gj—zgj—lquVH +KVin &6 aUk LY,
j=p+l j=p+l
r r-1 r-1
= Vit DUV —g 80 D UKLV L D UKV —E e UK Y,
j=p+l j=p+l j=p+l
= Vl + U p+1Vp+1 + L'1;)+2V;)+2 + U p+3Vp+3 +..t ur—ZVr—Z + ur—lvr—l + L]rVr

+u p+1k pr +u p+2kp+1Vp+1 —u p+3k p+2Vp+2 —u p+4k p+3Vp+3 T
- ur—zkr—SVr—S - ur—lkr—zvr—z +u p+1kp+1vp+2 +u p+2kp+2Vp+3 +...
+ ur—3kr—3vr—2 + ur—Zkr—ZVr—l + L’Ir—lkr—lvr —u; kr—lVr—l
~ ~
kpvp +<|p+1+up+2k Vp+1+<|p+2+up+1kp+1_up+3k V

p+l = p+2 2 p+2

= Vy+u,,
> -~
+ <|p+3 +up+2kp+2 _up+4kp+3 yp+3 +..+ (Ir—z +ur—3kr—3 _ur—lkr—z yr—Z

+€,, +u_k ,-uk V., +€ +u_k_V,.

rvr-1 _Sr-1

If there exist a common perpendicular to two constructive rullings in the
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skew surface , then the foot of common perpendicular on the main rulling is
called the central point. The locus of central points is called the striction

space,[7].

Under the condition of orthonormalizm , the solution vectors u of the

equation
. d| <
PO, | 2 u®Vi(®) |)=0
t i=p+1

are the position vectors of the striction space. This equation implies that

2 2 2
(lp+lkp/ - <Ip+l +up+2kp+1/ + <lp+2 +up+1kp+1 _up+3kp+2/

2
+ (Ip+3 +up+2kp+2 _up+4kp+3/ +..+ (Ir—Z +ur—3kr—3 _ur—lk
3 2 _
+ (Ir—l +ur—2kr—2 _urkr—l/ + (lr +ur—1kr—1/ =0.
If u,,K, =0, then, U, #0 then k, =0 or if k, #0 and

]
r-2

p+l
Uy = 0 . In the other terms, we can continue on the similiar way. Let
assume that all of the curvatures ki be different from zero. In this condition ,
ifu,, = 0, we can take Uml =0, Upp = 0> Umz = 0:>Uer3 =0=>..
So, the space-like directrix 7(l) of this generalized b —scroll with pt"degree,

is the striction space. Under the special condition

Upy +Up.K,, =0
we can solve the differential equation system. Using the equations
u p+1 = - kp+1u p+2
lJp+2 = kp+2up+3 - kp+lu p+l
Up+3 = kp+3up+4 - kp+2up+2
U, = KU -k U,
u_, = k_,u —-k._u,
u = -k.u,,
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we can obtain Lyapunov matrix

u p+1 0 -k p+l 0 u p+l
u p+2 -k p+1 0 p+2 T : u p+2
Ups |_ |0 -k, O . Up.s
U 0 Key || Urz
u. | |0 -k, 0 Ju, |

That is, the position vectors of the striction space are the solutions of the

homogeneous differantial equation
U(t) = A(U (t).
In further studies, it is possible to seek for other solutions , except these

special solutions.

Now let Vp ., be atime-like vector , in the time-like generating space
Erfp of generalized D —scroll with pth degree. It means that

<v vp+2> -1

p+27

and
o = (Vo Vo) =Lg,, = (Vo Vo) =L g, = (V,, V) =1
are obtained. According to the definitions of the asymptotic bundle and the

tangential bundle of generalized b —scroll with pth degree,
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Vp+1 = —g, 5,k V, +K,\V, .,
= —-k,\V,+Kk, .1V,

Vp+2 = - 8p8p+1kp+lvp+l + kp+2Vp+3
= kp+lvp+l + kp+2vp+3

Vp+3 = - 8p+18p+2kp+2vp+2 + kp+3vp+4
= kp+2Vp+2 + kp+3Vp+4

Voa = €850k Vos TKpt Vs
= -k, .V, .+k .,V

p+3 Y p+3 p+4 Y p+5

are obtained by using Frenet formulas. It is obvious that, if V , is time-like,

then only the first terms of vectors Vp .o and \/p .3 will change their

signatures. The others will not change.

p(t) is any curve family with equation

;
p(t) =n(t)+ D u;(HV;(t)
j=p+1
and it has the differantial form
p) =V, —upﬂkap + U

k

p+l +up+2kp+l Vp+1+ L1p+2 +up+1kp+1 +u k V
kp+3 Vp+3 +..t+ ur—z +ur—3kr—3 _ur—lkr-z V

+ l]r—l + ur—Zkr—Z - urkr—l Vr—l + l]r + ur—lkr—l Vr .

p+3"p+2 p+2

+ U, 3+U u

p+2™p+2 T Yp+a r-2

Under the condition of orthonormalism, the solution vectors u of the
equation

p(t),ﬂiui(t)vi(t)} =0

i=p+1

are the position vectors of the striction curve (space). This equation implies
that
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2 2 2
- ‘|p+1kp _ + <|p+1 + up+2kp+1/ - ‘Ip+2 + up+1kp+1 + up+3kp+2 _
2

2
+ (lp+3 +up+2kp+2 _up+4kp+3/ +..+ ‘jr—z +ur—3kr—3 _ur—lkr—Z/
> 2 _
+ ‘jr—l +ur—2kr—2 _urkr—l/ + ‘Jr + ur—lkr—l/ =0
kp =0 , then Uy #0 then, kp =0 or if kp #0 and

If U,

Uy, = 0 . In the other terms we can continue on the similiar way. Let
assume that all of the curvatures ki be different from zero. In this condition,
ifu,, = 0, we can take Uy = 0, Upp = 0= Uyp = 0:>Up+3 =0=>..
So, the space-like directrix 77(1) of this generalized b —scroll with p th
degree, is the striction space.
Under the special condition
lJp+2 + up+lkp+1 + up+3kp+2 =0

we can solve the differential equation system. Using the equations

l"Ip+l = - I‘(p+lu p+2
l]p+2 = _kp+1up+l - kp+2up+3
Ups = KpaUps —KpoUpe,
u 2 = kr—2ur—1 - kr—?;u r-3
u_, = k_u —-k._u._,
u = -Kk._u., ,
we can obtain Lyapunov matrix
_L]pﬂ_ 0 —kp+1 0 0 0 "up+1_
Up.o —kKyy 0 —kK,o 0 E Up.iz
Up.s 0 —Kpo O Ko Up.s
L= ok, :
u,, k., 0 |u,
U, -k,, O Koo llu,,
lu, | |0 0 -k 0 Ju, |

That is, the position vectors of the striction space are the solutions of the
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homogeneous differantial equation

U (t) = A(U (t).
In further studies, it is possible to seek for the other solutions, except these
special solutions.

Finally, let V, be the time-like vector of the time-like generating

space Erfp of generalized D —scroll with p th degree. It means that
g4 =(V,,V,)=-1
and
<Vp+l’ Vp+1> 1’ 8p+1 <Vp+27vp+2> 1’ : <Vr 17V > 1

are obtained. According to the definitions of the asymptotic bundle and the
tangential bundle of generalized b —scroll with p th degree,

Vi, = —g 48K V. ,+k ,V,
= —-k_V,,+k V.

Vr = € &K 4V
= kr—lvr—l

are obtained by using Frenet formulas. It is obvious that, if V, is time-like ,

then only Vr will change its signature.The others will not change.

p(t) is any curve family with equation

p® =)+ Y u OV

j=p+l
and it has the differential form
p(t) = Vl p+1k V + ‘Ip+1 p+2kp+1 yp+1 + ‘Ip+2 + up+1kp+1 - up+3kp+2 yp+2

-~
+ <|p+3 + up+2kp+2 - up+4k v +..+ (Ir—Z + ur—3kr 3 —U._ lk

p+3 S p+3 r— 2/

r-2

+d@,+u,_k _,+uk

rrl/rl

+ (I +ur lkr 1 25r"

Under the condition of orthonormalism, the solution vectors u of the

equation
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A ~
<p(t),dt{i§1ui OV, (t)}> =

are the position vectors of the striction curve (space).This equation implies
that

2 2 2
‘lp+lkp _ + (Ip+1 - up+2kp+1/ + (lp+2 + up+lkp+1 - l'Ip+3kp+2 _

+ (lp+3 +up+2kp+2 _up+4kp+3/+ -t (lr 2 +ur—3kr 3~ U, 1k

r— 2/
+@,,+u. .k ,+uk -4, +urlkr1/ 0 .
If Up+lk =0 , then up+l¢0 then kp =0 or if kp #0 and
U,,, =0. In the other terms we can continue on the similiar way. Let

assume that all of the curvatures ki be different from zero. In this condition,

ifu,, =0, wecantake u,, =0, u,,,=0=u,,,=0=>u,,,=0=..

So, the space-like directrix 77(1) of this generalized Db —scroll with p th

degree, is the striction space. Under the special Condition.

('I + ur lkr -1
we can solve the differential equation system.Using the equations
u p+1 = k p+lu p+2
Uy, = kp+1u prt T kp+2 p+3
Ups = —KpaUpp +KpUp,
U_, = —K_u_;+k_u_
u, = -—-k_u -k, U,
u = -ku,,

we can obtain Lyapunov matrix
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Uy 0 kp+1 0 0 Upia

l."p+z - kp+1 0 p+2 0 . Upia

u p+3 0 - kp+2 kp+3 u p+3

: _ . _ kp+3 . .

u,, k., 0 u,,

u -k_, 0O -k u
la, | |0 0 -k, 0 Ju, |

That is, the position vectors of the striction space are the solutions of

the homogeneous differantial equation
U(t) = AU (t).
In further studies, it is possible to seek for the other solutions, except these

special solutions.
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