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Bo Bodenstein sayis1
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Bir kanaldaki laminar akista ortalama ve maksimum hizin oram

Ca Kilcallik sayis1
dy Kabarcigin belirli bir eksenel pozisyonunda kabarcik ¢api, m
D, Maksimum kabarcik ¢api, m
de,. Kabarcik ve kanal duvari arasindaki sivi filmin kalinligi, m
D, Kanalin hidrolik ¢api, D, =0.002m
b Svi fazda izleyici molekiiler yayilim katsayisi, m*/s
E Kalma siiresi dagilimi, 1/s
E, Boyutsuz RTD
Eg. PDD model i¢in RTD, 1/s
F Kiimiilatif kalma siiresi dagilimi fonksiyonu
f Siirekli akiskanin hacim kesri
J Toplam goriiniir iz J =J, +J, m/s
Js Gaz fazin goriiniir hiz1, J; = €U, m/s
Jy Swvi fazin goriiniir iz, J, =(1-¢€)U, , m/s
L, Hesaplama alaninin eksenel uzunlugu, m
ot Referans uzunluk 6l¢egi, L =0.002m
L Akis ara bolmesi uzunlugu, m
L Birim hiicre uzunlugu, m

L,L,L, Hesaplama alanmin fiziksel boyutlari, m

n Seri sekildeki CSTR veya birim hiicre sayisi



N RTD’yi elde etmek icin sanal parcaciklarin hesaplama alanini

gecme sayist

N, Parcacik sayisi

N, Zaman adimi say1s1

Nyc Birim hiicre sayis1

0 Akiskanin hacimsel akis debisi, m’/s

Re, Kabarcigin Reynolds sayisi

t Zaman, S

- referans zaman 0Olgegi, 7 =0.0757s

t Ortalama kalma siiresi, s

At Zaman adim genisligi, s

At RTD’deki boliimlerin zaman araligi, s

U, Kabarcik hizi, m/s

U. PDD modelde s1v1 film/kdse akisi bolgesindeki ortalama hiz, m/s

U, Hesaplama alaninda s1vi fazin ortalama hizi, m/s

Ul fim Belirli bir eksenel pozisyonda sivi filmdeki ortalama hiz, m/s

U S1v1 akig ara bolmesindeki sivinin maksimum gercek hizi, m/s
i'?max Tam gelismis Poiseuille akisinda maksimum eksenel hiz, m/s

U Referans hiz 6lgegi, U . =0.0264 m/s

\% Hacim, m’

o PDD modelde agirliklandirma faktori

B PDD modelde U.’nin hesaplanmasi i¢in gerekli kabarcik capi

katsayis1

o Dirac delta fonksiyonu

£ Birim hiicredeki hacimsel gaz icerigi

o Boyutsuz zaman, 8=t/t

0 Boyutsuz ortalama zaman

A U /U oranini veren degisken

2 Dinamik viskozite, Pa s

Vi



P Yogunluk, kg/m’

Yiizey gerilim katsayisi, N/m

o’ RTD’nin varyansi, $2

o, RTD’nin boyutsuz varyansi

T Ortalama kalma siiresi, s

Tg Kabarcik hamle zamani, s

T, Gecikme zamani, s

Ty PDD modelde sivi film/kose akisi bolgesi icin ortalama kalma
siiresi, s

T, Ortalama hidrodinamik kalma siiresi, s

T, S1vi akis ara bolmesi i¢in ortalama kalma siiresi, s

B Kabarcik

BTF Kabarcik dizisi akist

CFD Hesaplamali akigkanlar dinamigi

CSTR Siirekli karistirilan tank reaktorii

DNS Dogrudan niimerik simiilasyon

F Sivi1 film bolgesi
Gaz faz

L Sivi faz

p Parcgacik

PD Pik-Diisiim (Peak-Decay)

PDD Pik-Diisiim-Diisiim (Peak-Decay-Decay)

PFR Darbeli akis reaktorii

ref Referans deger

RTD Kalma siiresi dagilimi

S S1vi akig ara bolmesi

UC Birim hiicre

VOF Akiskan hacmi
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OZET

Anahtar kelimeler: Kalma siiresi dagilimi; Kabarcik dizisi akisi; iki fazh akis;
Konvoliisyon

Dar kanallarda gaz-s1v1 akislar: i¢in bilinen bir akis tipi olan kabarcik dizisi akisinda
(veya Taylor akisi) kanal kesitinin neredeyse tamamini dolduran ardistk uzun
kabarciklar benzer eksenel hizla hareket ederler ve birbirlerinden sivi akis-ara-
bolmeleri (liquid slug) ile ayrilirlar. Kabarcik dizisi akisi, mikro kabarcik kolonlari
ve ¢ok fazli siitun reaktorler gibi cihazlar i¢in pratik 6neme sahiptir. Kalma siiresi
dagilimi (residence time distribution, RTD), reaksiyon bilesenlerinin karistirma
davranislar1 ve akis hakkinda bilgi verdiginden ve boylece kimyasal reaktorlerde
reaksiyon iiriinlerini ve segiciligi etkilediginden, s1vi faz RTD’sinin bilinmesi her iki
cihaz i¢in de olduk¢a onemlidir.

Bu calismada, kare seklindeki bir mini kanalda, basin¢ gradyani ve kaldirma
kuvvetinin etken oldugu laminer kabarcik dizisi akisinin sivi faz RTD’si niimerik
simiilasyonlarla  belirlenmistir.  Akiskan hacmi  metodu (VOF) tabanli
simiilasyonlarda, hidrodinamiklerin bir kabarcik ve bir sivi akig-ara-bolmesinden
olusan tek bir birim hiicre vasitasiyla tanimlandig1 ideal kabarcik dizisi akis1 dikkate
alimmigstir. Niimerik olarak belirlenen birim hiicre RTD’si daha Once sunulan bir
analitik model yaklasimiyla ifade edilebilirken, burada bu model hem yukar1 hem
asag1 es yonlii akis icin gecerli olacak sekilde gelistirilmistir. Seri sekilde n tane
benzer birim hiicre i¢in RTD modeli, (n-1) katli konvoliisyon prosediirii kullanilarak
birim hiicre RTD modelinden elde edilmistir. Gelistirilen model tek bir birim
hiicrenin niimerik RTD egrisine oldukc¢a uygunken, konvoliisyon tabanli bu modelin
uyumu c¢oklu birim hiicreler i¢in daha yetersizdir ve ileriki c¢aligmalarda
gelistirilmelidir.

Xi



NUMERICAL INVESTIGATION AND ANALYTICAL
MODELLING OF LIQUID PHASE RESIDENCE TIME
DISTRIBUTION FOR BUBBLE TRAIN FLOW THROUGH A
SQUARE MINI-CHANNEL

SUMMARY

Key Words: Residence time distribution; Bubble train flow; Two-phase flow;
Convolution

Bubble train flow (BTF) (or Taylor flow) is a common flow pattern in gas-liquid
flows through narrow channels. It consists of a sequence of elongated bubbles that
fill almost the entire channel cross section, travel with the similar axial velocity and
are separated by liquid slugs. BTF is of practical importance, e.g. for micro bubble
columns and multiphase monolith reactors. For both devices, the knowledge of the
liquid phase residence time distribution (RTD) is of great importance since the RTD
provides information about the flow and mixing behaviour of reaction components
and thus determines the yield and selectivity of the chemical reactor.

In the present study, the liquid phase RTD in laminar BTF through a square mini-
channel driven by a pressure gradient and buoyancy is evaluated from numerical
simulations. The simulations with the volume-of-fluid method consider ideal BTF
where the hydrodynamics is fully described by a single unit cell consisting of one
bubble and one liquid slug. The numerically evaluated unit cell RTD is approximated
by an analytical model which has been proposed recently but is improved here to be
valid for both co-current upward and co-current downward flow. The model RTD for
n identical unit cells in series is obtained from the unit cell RTD model by an (n-1)-
fold convolution procedure. While the model developed reasonably fits the
numerically evaluated RTD curve of a single unit cell for different flow conditions,
the agreement of the convolution-based model for multiple unit cells is less
satisfactory and should be improved in future.

Xii



BOLUM 1. GIRIS

Boliimlii gaz-sivi akisi1 (segmented gas-liquid flow), dar kanallarda bilinen bir iki
fazli akis tipidir ve ayn1 zamanda Taylor akis1 veya kabarcik dizisi akisi (bubble train
flow, BTF) olarak da ifade edilebilir. Bu akis tipinde, kanal kesitinin neredeyse
tamamini dolduran ardisik uzun kabarciklar (Taylor kabarciklar1) bulunur. Her bir
kabarcik, sivi akig-ara-bolmesi (liquid slug) ile ¢evrili olarak kanal boyunca hareket
eder. Kabarcik dizisi akigi, minyatiirlestirilmis ¢ok fazli reaktorler (Jahnisch et al.,
2000; Burns & Ramshaw, 2001; Giinther et al., 2004, Haverkamp et al., 2006) ve ¢cok
fazli siitun reaktorler (Roy et al., 2004; Kreutzer et al., 2005b, Bauer et al., 2005) ile
teknik olarak ilgilidir. Giiniimiizde endiistriyel boyutlarda, Taylor akish siitun
reaktorler sadece H>O, (Edvinson Albers et al., 2001) iiretiminde kullanilirken bu
reaktorlere, Fischer-Tropsch sentezinde (De Deugd et al.,, 2003; Bradford et al,
2005; Giittel et al., 2008; Liu et al., 2009) potansiyel kullanim icin artan bir ilgi

vardir.

Taylor akisinda pratikte, sivi akig-ara-bdlmesi uzunlugu ve her bir kabarcigin boyutu
degiskenlik gosterir. Kabarcik boyutunun degisimi her bir kabarcigin hareket
eksenindeki dogrusal hizinda degisime sebep olur. Bu durum kabarciklarin
birlesmesine ve buna bagli olarak kabarcik boyutunda ve sivi akis-ara-bdlmesi
uzunlugunun dagiliminda degismeye sebep olabilir. Ger¢ek kabarcik dizisi akisinin,
ideal kabarcik dizisi akis1 olarak varsayilmasi durumunda, kabarciklarin 6zdes boyut,
sekil ve hiza sahip ve biitiin s1v1 akig-ara-bolmelerinin esit uzunlukta oldugu kabul
edilir. Akis hidrodinamikleri ise bir kabarcik ve onu, takip eden kabarciktan ayiran
bir sivi akig-ara-bdlmesinden olusan bir birim hiicre (unit cell, UC) vasitasiyla

tanimlanir.

Reaktoriin kalma siiresi dagilimi (residence time distribution, RTD), reaksiyon

bilesenlerinin karistirildigindaki davramiglar1 ve akis hakkinda bilgi vermesi



(Levenspiel, 1999; Martin, 2000; Nauman, 2008) nedeniyle kimyasal reaktorlerin
onemli Ozelliklerinden birisidir. RTD ve kimyasal reaksiyon kinetiklerinin sagladigi
bilgi, kimyasal reaktorlerde reaksiyon iiriinlerini ve seciciligi belirlediginden
kimyasal reaktor tasarimu i¢in temel bilgidir. Bu durum, fazlarin goriiniir (superficial)
hizlar1 gibi bilinen temel akis parametreleri ve akiskan 6zelliklerinden yararlanilarak
RTD’yi 6ngorebilen basit ama giivenilir modeller gelistirmek i¢in motivasyon saglar.
Esas konu siirekli olan s1vi fazin RTD’sidir. Bunun nedeni, gaz fazin kalma siiresinin
degisimi kiigiiktiir ve ortalama degeri kanal uzunlugun kabarcik hizina bdliinerek

kolaylikla hesaplanabilir. Istenen durum, s1vi fazin darbeli akis davramsidir.

Kompakt sistemlerde mikro yapili reaktorlerin dizayn: ve optimizasyonu ig¢in
RTD’nin en giivenilir sekilde ongoriilebilmesi biiyilk 6nem tasir. Sun et al. (2008),
Taylor akis1 ile calisan kilcal mikro reaktorlerde biodizel sentezinde RTD’nin
etkisini incelemistir. Mikro kanalli reaktdrde RTD’nin onemli Ol¢iide azaldigini
bulmuslardir. Ancak, bio-dizelin sabunlagmasini engellemek icin mikro reaktorlerde
RTD’nin kontrol altina alinmasi gerekmistir. Bu 6rnek RTD’nin pratikteki 6nemini
aciklayabilmesine karsin ne yazik ki ¢ok fazli mikro yapili reaktorler icin sivi faz
RTD hakkinda cok az sayida deneysel veri bulunmaktadir. Bu durum bir taraftan dar
kanallarda yerel RTD olciimlerinin gerceklestirilebilmesindeki zorluklara ve konuya
heniiz ¢ok yakin zamanda ilgi duyulmaya baslanmasma baglanabilir. Sonug olarak,
mikro yapili reaktorlerin RTD’si i¢in giivenilir ve dogrulanmis genel modeller
bulunmamaktadir. Bu durum bilhassa siitun reaktorler ve diger mikro yapili
reaktorlerde yaygin olan, kesiti dairesel olmayan kanallar icin gecerlidir.
Dikdortgensel kanallarda kabarcigimm c¢evresindeki film kalinhigi sabit degildir ve
bunun bir sonucu olarak olusan sozde kose akisi vardir. Bu kose akisi dairesel
kanallar i¢in olan RTD modellerinin uygulanmasini gecersiz kilar ve iyilestirilmis

modeller gelistirilmesini gerektirir.

Deneysel olarak, kalma siiresi dagilimi genellikle uyarim tepkisi teknigiyle
(stimulus-response technique) Olciiliir. Bu teknikte, 6zgiill miktarda izleyici (Or.
floresan 6zellikli madde, radyoniiklid, tuz ¢ozeltisi, vb.) sistem girisinde bir kisa
zamanli sinyal (pulse) veya bir adim (step) fonksiyonu olarak eklenir ve izleyici

derisiminin zamanla degisimi cikista kaydedilir. izleyici parcaciklarinin sistemde,



yerlerini aldiklar1 asil akigkan parcaciklar1 ile ayni yolu izleyecegi kabul edilir.
Boylece, izleyici parcaciklar asil parcaciklar ile aym kalma siiresine sahip
olacaklardir. Pargaciklar sistemden ayrildigi zaman degerleri kaydedilerek, daha
sonra diferansiyel kalma siiresi dagilimi fonksiyonuna yakinsayacak olan bir
histogram yapilandirilir. Bu yaklagimda gaz-sivi iki fazli akis tek fazli akisa gore
0zel zorluklar icermez. En 6nemli fark sistemin genellikle iki girisi olmasidir (bir gaz
faz icin ve bir s1v1 faz icin). Bir gaz-s1v1 akista s1vi faz RTD’sini 6l¢mek i¢in izleyici

sinyali sadece s1v1 girisine enjekte edilir.

Uyarim tepkisi 0lgcme yontemi, reaktor hacmi izleyici 6l¢lim biriminin hacminden
oldukca biiyiikk olan biiyiikk Olcekli (makro) reaktorler i¢in uygun bir yontemdir.
Ancak, mikro yapili reaktorlerde reaktdor hacmi genellikle Olciim biriminin
hacminden kiigiiktiir. Bunun anlami, izleyicinin kalma siiresi tepkisi Ol¢lim
sisteminin yapisindan ¢oktan etkilenmis olabilecegidir. Dar kanallarda iki fazli akista
stvi faz RTD’nin 6l¢iimleri; tek diiz kanallarda kabarcik dizisi akisi i¢in -iletkenlik
Olciim teknigi kullanilarak- Thulasidas et al. (1999) tarafindan, bir siitun kopiik
reaktoril i¢in -izleyici derisimi ¢ikista bir spektrometre ile Olciilerek- Patrick et al.
(1995) tarafindan, bir siitun reaktordeki film akisi icin -bir boyali izleyici ve
mikrospektrometre kullanilarak- Heibel et al. (2005) tarafindan, bir siitun reaktorde
kabarcik dizisi akisi icin -bir boyali izleyici ve spektroskopi kullanilarak- Yawalkar
et al. (2005) and Kreutzer et al. (2005a) tarafindan, degisik bir acik duvarl siitun
reaktor icin Bakker et al. (2005) tarafindan, bir siitun reaktorde Taylor akis1 i¢in -bir
KCI izleyici ¢ozeltisi ve iletkenlik probu kullanilarak- Kulkarni et al. (2005)
tarafindan ve dikdortgen kesitli mikro-akiskan kanal aglarinda kabarcik dizisi akist
icin Giinther et al. (2004) and Trachsel et al. (2005) tarafindan incelenmistir. Son
yazarlar kabarcik dizisi akisina gore belirli bir avantaji olan tek fazli akisla
kiyaslandiginda, kabarcik dizisi akisinin kalma siiresi dagiliminin ¢ok dar oldugunu
gostermistir. Heniliz yakin zamanda, Lohse et al. (2008) karmasik yapili bir mikro
reaktdrde RTD’yi belirleyebilmek icin degisik bir yontem sunmustur.

RTD’yi belirlemek icin alternatif bir yol da hesaplamali akiskanlar dinamigini
(computational fluid dynamics, CFD) kullanmaktwr. Esas itibariyle, CFD

yontemleriyle RTD’yi belirlemek icin iki secenek vardir. Birincisi uyarim tepkisi



deneyinin niimerik simiilasyonudur. Yani, hesaplama alaninin girisinde kisa bir
derisim sinyali hazirlamak, hesaplama alan igerisindeki izleyicinin kararsiz derisim
alanin1 hesaplamak ve c¢ikista onu belirlemektir. Bu yaklasimin uyarlanmis bir hali,
bir konvoliisyon prosediirii kullanilarak tek bir birim hiicre RTD’sinden Taylor akisl
bir dairesel mikro kanalin RTD’sini belirlemek amaciyla Salman et al. (2005, 2007)
tarafindan kullanilmust1. Ikinci secenek ise parcacik izleme metodudur. Bu yontemde,
sanal parcaciklar giriste serbest birakilir ve pargaciklarin yoriingeleri CFD
hesaplamalarinin bilinen hiz alanindan hesaplanir. Parcacik metodunda akisin sadece
iletimsel 6zellikleri (convective properties) gozlemlenirken, kararsiz derisim alanmin
Olciimlenmesinde, buna ek olarak yayilimsal taginmanin (diffusive transport) da
hesaba katilmasi iki yontem arasmnda dikkate deger bir farkliliktir. iletimsel ve
yayilimsal tasinmanin goreceli olarak Onemi, Bodenstein sayisiyla karakterize

edilmistir. Kabarcik dizisi akis1 i¢cin Bodenstein sayis1 Bo=UyD, /B, olarak

tracer

tamimlanabilir. Burada; U, kabarcik hizi, D, kanalin hidrolik ¢ap1 ve B, S1v1

fazda izleyicinin molekiiler yayilim katsayisidir. Parcacik metodunda izleyicinin
yayilimi hi¢ hesaba katilmamaktadir. Bu durumda, bir parcacik metoduyla elde

edilen RTD Bodenstein sayisinin sonsuz bir degeri icin ifade edilebilir.

Salman et al. (2004), Taylor akista kalma siiresi dagilimini O6ngdrmek igin
Bodenstein sayismin diisiik degerleri icin gecerli bir niimerik model gelistirmistir. Bu
model, yercekiminin yOniinii hesaba katmaz ve bir boyutlu iletim-yayilim
denklemiyle (convection-diffusion equation) yeterli derecede tanimlanabilen, iyi
karigmis diizenli derisime sahip sivi akig-ara-bolmelerinin ve kabarcik ¢cevresinde iyi
karismis sivi filmlerin oldugunu kabul eder. Bodenstein sayisinin biiyiik degerleri
icin (Bo>10) model, bir birim hiicrenin seri-bagh-tank (tank-in-series) modeli
vasitasiyla  gosterimini ifade eden bir analitik ¢oziim verecek sekilde
basitlestirilebilir. Buradaki seri-bagli-tank modeli, bir darbeli akis reaktorii (plug
flow reactor, PFR) ve bir siirekli karistirilan tank reaktorii (continuous stirred tank
reactor, CSTR) icermektedir. Daha Onceki bir caliygmada Salman et al. (2007)
RTD’yi degerleri genis bir aralikta degisen Bodenstein sayilar1 (ayrica Peclet
sayilar1) i¢in niimerik olarak belirledi ve literatiirdeki ii¢c model (CSTR-PFR model,
iki-bolge modeli -two-region model- Pedersen & Horvath (1981) ve Thulasidas et al.
(1999)’m modeli) ile karsilastirdilar. RTD’nin bi¢iminin ve farkli modellerin



performanslarinin Upd,, /-B,,. parametresinin degerine bagh oldugu anlasildi.

Burada d, gaz kabarcig1 ve kanal duvar: arasindaki sivi filmin kalinligidir.

Son zamanlarda yapilan caligmalarda, Worner et al. (2007) dogrudan sayisal
simiilasyonlardan (direct numerical simulations, DNS) elde edilen veriler
kullanilarak kabarcik dizisi akisinin sivi faz kalma siiresi dagilimini belirlemek i¢in
CFD tabanli 6zgiin bir yontem gelistirilmistir. Simiilasyonlar, ideal kabarcik dizisi
akis1 icin yapilmustir. RTD’yi belirlemek icin gelistirilen yontem bir parcacik
metodudur ve bir akis birim hiicresinde sivi fazla doldurulan hacimdeki sanal
parcaciklarin diizenli bir bi¢cimde serbest birakilmasina dayanir. Kalma siiresi
dagilimi, sanal parcaciklarin birim hiicre uzunluguna esdeger bir eksenel mesafe
gidebilmesi i¢in ihtiya¢ duyulan zamanin istatistiksel olarak belirlenmesinden ve
parcaciklarin baslangic pozisyonundaki eksenel hizlarini hesaba katan uygun bir
agirliklandirma prosediiriinden elde edilir. Kalma zamani egrileri 2 mm X 2 mm kesit

alanmna sahip, kilcallik sayismin degeri Ca=Uyu, /0 =0.2—0.25 arahginda olan

kare seklinde bir mini kanalda yukar1 es yonlii akim seklindeki kabarcik dizisi

akisinin  DNS  verileri kullanilarak belirlenmistir. Burada bahsedilen g, sivi

viskozitesi ve o ise ylizey gerilim katsayisidir. Bir kompartiman modeli temel alan
basit bir exponansiyel bagint1 vasitasiyla, elde edilen RTD egrilerine iyi derecede
uygun egriler belirlenebilir. Bu kompartiman model, ilk tank bir PFR ikincisi ise bir
CSTR olmak iizere iki-seri-bagli-tank modelinden meydana gelir. Bu model, dairesel
kanallar i¢cin gelistirilen fakat kose akisi nedeniyle kare kanallar i¢in giivenilir bir
bicimde uygulanamayan Salman et al. (2004) modelinin genellestirilmesi olarak

diisiiniilebilir.

Hem Salman et al. (2004) hem de Worner et al. (2007) modeli tek bir birim hiicrenin
RTD’si icindir. Pratikte, icerisinde kabarcik dizisi akist olan bir kanal, birim
hiicrenin ve kanalin uzunluguna bagl olarak onlarca ya da yiizlerce birim hiicreden
olusacaktir. Salman et al. (2007) bir konvoliisyon yontemi kullanarak birim hiicre
RTD’den kilcal kanalim RTD’sini hesaplamistir. Genellikle, bir mikro yapili reaktor
cok sayida paralel kanaldan meydana gelir. Akis, farkli kanallar boyunca esit olarak
dagitilirsa, reaktoriin RTD’si tek bir kanalin RTD’sine esit olur. Ancak, pratikte



situn reaktoriin farkli kanallarindan gecen akis debileri farklidir (Mantle et al.,
2002). Tek bir kanal RTD’sinden yararlanilarak reaktor RTD’si kestirilmek
istendiginde bu kotii dagilim etkisinin (maldistribution effect) hesaba katilmasi

gereklidir.

Bu caligmanin iki 6nemli amact bulunmaktadir. Birincisi, Worner, Ghidersa, Onea
(2007) tarafindan yukar1 es yonlii akim seklinde kabarcik dizisi akisi i¢in gelistirilen
birim hiicre RTD modelini (WGO model) iyilestirmek ve ayni zamanda asagi yonlii
akis icin de gecerli olan daha genel bir birim hiicre RTD modeli gelistirmektir. ikinci
amag, ideal bir kabarcik dizisi akisinda keyfi sayida birim hiicre sayis1 i¢in yani
baska bir deyisle tek bir kanal icin birim hiicre RTD’den yararlamilarak RTD’yi
ongormeye olanak veren bir prosediir gelistirmektir. Bu ¢alismada bu islemin bir

konvoliisyon prosediirii ile ne derecede gerceklestirilebilecegi incelenecektir.

Bu tezin organizasyonu su sekildedir: Boliim 2’de RTD teorisinin temelleri ve
onemli kavramlar anlatilacaktir. Boliim 3’de kabarcik dizisi akismin niimerik
simiilasyonu ve RTD belirlenmesi ile ilgili konulardan bahsedilecektir. Bolim 4
kabarcik dizisi akisi icin RTD’nin modellenmesine ayrilmistir. Alt boliimlerde ise;
alt boliim 4.1 iyilestirilmis birim hiicre RTD modeline ve alt boliim 4.2 ¢oklu birim
hiicrelere odaklanacaktir. Sonuglar ve Oneriler ise bolim 5°de verilecektir. Eklerde
ise; Ek-A ve Ek-B’de integral hesaplamalari, Ek-C’de kavramlarin Ingilizce ve
Tiirkge karsiliklar: verilirken Ek-D’de ise bu calismanin sonucunda bilimsel dergilere

sunmak icin hazirlanan yayin yer almaktadir.



BOLUM 2. KALMA SURESIi TEORIiSINIiN TEMELLERI

Bu boliimde, kalma siiresi dagilimi kavramu ile ilgili temel bilgiler ve tanimlamalar
hakkinda kisa bir giris sunulacaktir. Bu konudaki temel bilgiler cesitli internet
sitelerinde, ©rnegin “residence time distribution” Ingilizce Wikipedia sayfasi,
bulunabilmektedir. Daha detayl bilgiler ise cesitli kitaplarda mevcuttur (Fogler,
1986 ve Levenspiel, 1999).

2.1. Kalma Siiresi Dagilimi

Bir kimyasal reaktoriin kalma siiresi dagilim1 (RTD), akiskan elemanlarin reaktdriin
icerisinde gecirdigi zaman1 tanimlayan bir olasilik dagilim fonksiyonudur. Kalma

sirelerinin dagilimi, bir ¢ikis zaman dagilimi E(f) (exit age distribution) ile temsil

edilir. Bu fonksiyon birimi zaman™ olup asagidaki kurala uymaktadr,

TE(t)dt =1 (1)

Bir kisim akigkanin reaktoriin icerisinde bulundugu verilen bir ¢ zamani kadar siire

E(t)dt degeriyle ifade edilirken, reaktorii terk ettigi #, zamanindan daha az olan siire

asagidaki ifade ile verilir,

[ E@ar @

Zaman dagilimmnm ilk momenti ile belirlenen ortalama kalma siiresi asagidaki

bicimde ifade edilir,

t =

tE(t)dt (3)

O ey 8



Reaktoriin igerisinde herhangi bir 6lii ya da durgun bolge bulunmuyorsa ¢ , ortalama
hidrodinamik kalma siiresine ( 7, ) esit olacaktir. Bu parametre, toplam reaktor hacmi
V ve akigkanin hacimsel akis debisi @ ‘dan yaralanilarak hesaplanan kalma

siiresidir.

Q<

Ty

C))

RTD’nin varyansmmi gosteren ikinci merkezsel moment (central moment) su

sekildedir,

o’ = T(t —1)’E(t)dt (5

Olasilik kuraminda ve istatistikte bir rassal degiskenin veya bir olasilik dagilimmin
varyansi, istatistiksel yayilimin miimkiin biitiin degerlerinin ortalama degerden
uzakliklarinin karelerinin ortalamasi seklinde bulunan bir olciidiir. Bir reel sayi
halinde olan rassal degiskenin varyansi, o rassal degiskenin ikinci merkezsel
momenti ve aynit zamanda ikinci kiimiilant1 olur. Eger varyans degeri var ise,
ortalama degeri de vardir. Ama bunun aksi dogru degildir (Varyans i¢in Bkz. Tiirkce
Wikipedia sayfas1i). Bu calismada varyans, kanal c¢ikisindan gecerken dagilimin
yayilimmin Karesini ifade eder. Birimi zamanin karesidir. Ozellikle deneysel egrileri

teorik egrilerle eslestirirken fayda saglar (Levenspiel, 1999).

2.2. RTD’nin Ol¢iilmesi

Bu tez calismasinda deneysel bir uygulama gerceklestirilmemistir. Genel bilgi
olarak, RTD’nin deneysel olarak nasil belirlenebileceginden bu bolimde

bahsedilecektir.

Kalma siiresi dagilimi, reaktif olmayan bir izleyici sistem girisinde siteme verilerek
olciiliir. izleyici derisimi, sistem ¢ikisinda izleyici derisimi 6lgiilerek bulunan tepki
ve bilinen bir fonksiyona goére degisir. Izleyici akiskanimn fiziksel 6zelliklerini (esit

yogunluk, esit viskozite) ve izleyicinin giriste sisteme verilmesi hidrodinamik



kosullar1 degistirmemelidir. Genellikle, izleyici derisimindeki bu degisiklik bir sinyal
ya da bir adim olacaktir. Farkli fonksiyonlar da miimkiindiir ancak RTD egrisinin

(E(2)) ters konvoliisyonu icin ek hesaplamalar gerektirirler.

Sinyal yonteminde, reaktor girisinde izleyicinin ¢ok kiigiik bir hacminin sisteme
verilmesi gereklidir ve Dirac delta fonksiyonuna yaklasim vardir. Sonsuz kisa bir
enjeksiyon elde edilemedigi halde kanalin kalma siiresinde daha hizli yapilabilir.
Sinyal yonteminde RTD egrisi, reaktor c¢ikiginda Olgiilen zamana bagli izleyici

derisiminden ( C(¢) ) faydalanilarak asagidaki bagintiyla hesaplanabilir,

E@) = (6)

Adim yonteminde reaktor girisindeki izleyici derisimi 0’dan C,’a aniden degisir.
0’dan 1’e giden boyutsuz egriyi elde etmek i¢in ¢ikistaki izleyici derisimi normalize
edilir.
C()
F(t)=
( C

0

(7

Ortalama kalma siiresi ve varyans da F () fonksiyonundan asagidaki bagintilarla

elde edilebilir.

T=t_=Tt[1—F(t)]dt (8)
0

o’ :th[l—F(t)]dt—?2 )
0

Reaktoriin adim ve sinyal tepkileri sirasiyla agsagidaki integraller ile bagintilidir,

F(t)= j E(t)dt (10)
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E(t):w (11)
dr

Bir adim deneyinin uygulanmas: bir sinyal deneyinin uygulanmasmdan genellikle
daha kolaydir. Ama adim deneyi, sinyal tepkisinin gosterebildigi bazi detaylar:
yumusatarak gozden kagmasini saglayabilir. Adim tepkisinin ¢ok 1yi bir tahminini
elde etmek icin deneysel sinyal tepkisini niimerik olarak integre etmek kolaydir.

Ama tersi miimkiin degildir.

Bu tez caligmas1 swrasinda deneysel olarak her hangi bir caliyma yapilmamustir.
Ancak, boyle bir deney yapilmak istenirse Sekil 2.1°dekine benzer bir diizenegin
gelistirilip kurulmasiyla gerceklestirilebilir. Sekilde kare seklinde kilcal bir boruya
gaz ve siv1 birlikte verilir. Istenen akis tipi 6lgme valfi yardimiyla elde edilir. Yiiksek
hizl1 bir kamera ile goriintiilenir ve kaydedilir. Bu tip bir diizenek uyarlanarak ve
gelistirilerek kalma siiresi dagilimm 6l¢gmek icin kullanilabilir. Boyle bir deneysel

caliyma yapmak isteyen arastirmacilar i¢in bu sekil fikir verebilir.

II
Ig1k Demeti
\ Ak
D:li Garantileme
Depolama
lsik Kaynad i
Yfitksek Hizl (Bilgieayan

Garintileme
Sisternive Lens

Basing Olgiim
ve Gosterge
Aleti

Basing

Odasi

Gazlermn
Penceresi

Kilcal Boru

Filtre

]

Zinnga Pompa Olgme Yaller

Sikistinlrig Hava

Sekil 2.1: Deney diizeneginin sematik gosterimi
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2.3. ideal Reaktorlerde RTD

Bir reaktoriin kalma siiresi dagilimi, iki ideal reaktor modeline karsi gosterdigi
davranigla karsilastirilabilir. Bu iki model, darbeli akis reaktorii (plug flow reactor,
PFR) ve siirekli karistirilan tank reaktoriidiir (continuous stirred tank reactor, CSTR).
Ideal bir PFR’de, karisim yoktur ve akiskan elemanlar geldikleri sirayla reaktorden

ayrilirlar. Boylece, reaktdre ¢ zamaminda giren akiskan ¢+7,,, zamaninda

reaktorden ¢ikacaktir. Burada 7, , reaktoriin kalma siiresidir. Kalma siiresi dagilimi

FR °

fonksiyonu bu nedenle bir Dirac delta fonksiyonudur,

E{)=0(t—Tpy) (12)

Ideal bir PFR’nin varyansi sifirdir. Ideal bir CSTR, giristeki akisin tamamen ve
aniden reaktor kiitlesine karigmasi kabuliine dayanir. Reaktor ve c¢ikis akiskanlari
ozdestir ve her zaman homojendirler. Ideal bir CSTR’1n eksponansiyel bir kalma

stiresi dagilimi vardir,

L exp {— ! j (13)
TCSTR TCSTR

Ecgrr (1) =

Burada, 7 g =7z Strekli karistirilan tank reaktorii ortalama kalma siiresidir.

9 . 2 )
CSTR’nin varyansi Oggry = Tegr -

Seri sekilde n tane 6zdes CSTR’den olusan kademeli bir dizi i¢in RTD,

" t
E s (1) = py eXp (_ j (14)
(n—=D!7egr TestrR

seklindedir.

2.4. Boyutsuz RTD

Farkli reaktorleri karsilastirmak icin boyutsuz bir RTD egrisi elde etmek faydalidir,

E,(6)=TE(t) (15)
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Bu fonksiyon boyutsuz bir zamani fonksiyonudur,

g=L (16)
t

E, ’nm boyutsuz ortalama degeri,

~ 7 Tr— 1 175 t

esjeEe(e)de:j:tE(t):dt::th(t)dt:::1 (17)
) i rT f

iken boyutsuz varyans ise o, =0~ /7 seklindedir. Tek bir CSTR iginse,

Err (6) = exp(=0) (18)

olur ve 0, s, =1 dir. Seri seklinde n tane 6zdes CSTR nin ortalama kalma siiresi

T cstr = Negrg dir. Boyutsuz zaman tammiyla

n

t t
O,cstr = = (19)

Toestk - Mlestr

olur ve Denklem (14) boyutsuz formda su sekilde yazilabilir,

.
n(nb,csrz)"

E v (O csrr) =——"—"———exp (_nenCSTR ) (20)
(n—-1!

Seri seklinde n tane 6zdes CSTR’nin boyutsuz varyansi

or=1 1)
n

seklindedir. Boylece, seri seklinde n tane CSTR olarak olciilen ortalama kalma

siiresi 7 ve varyanst o~ olan bir reaktér modellemek icin gerekli CSTR sayisi

asagidaki sekilde hesaplanabilir,

n=—-—-x=

2 (22)
60

TZ
62
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2.5. Kabarcik Dizisi Akiginda Birim Hiicre RTD icin Tanimlar

[k olarak ileriki asamalarda ihtiya¢ duyulacak olan, kabarcik dizisi akisinda RTD
icin bazi1 tanimlamalar aciklanacaktir. Seri sekilde n sayida 6zdes birim hiicre ile

RTD E . (¢) dikkate alinarak bu RTD’nin ortalama kalma stiresi

Tye = e = | 1B, (Dt (23)
0
ve varyans
Srve = | (¢ =Tpe) Eye (01 (24)
0

seklindedir. Boyutsuz zaman asagidaki gibi tanimlanir,

enUC = = (25)

Burada, 7, daha sonra aciklanacak olan gecikme zamamdir ve 7. tek bir birim
hiicrenin ortalama kalma siiresidir. RTD E (), boyutsuz olarak asagidaki sekilde

tanimlanir,

E, uc (6,uc) = N7y E, (1) (26)

Kabarcik dizisi akisinda seri sekilde n tane birim hiicrenin ortalama hidrodinamik

kalma siiresi

\%
_ Yauc 27)
03 (

nh

olarak tanimlanir. Burada; V . =nL;-A, . L, uzunlugunda n tane birim hiicreden

olusan bir etki alaninin hacmini; Q, =J, A

. » SIv1 icin hacimsel debiyi; J, , siv1 fazin

gOriiniir (superficial) hizim ve A , kanalin kesit alanini ifade eder.
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Boylece Denklem (27) asagidaki sekli alir,

nL
r o—_ e 28
" (1-€)U, 29



BOLUM 3. KABARCIK Dizisi AKISININ NUMERIK
SIMULASYONU

Bu boliimde, ilk olarak niimerik yontem ve kabarcik dizisi akisinin dogrudan
niimerik simiilasyonlarm gergeklestirmek icin kullanilan bilgisayar kodu kisaca
tanitilacaktir. Ardmdan, simiilasyonun kurulumu tanmimlanacak ve simiilasyonun
fiziksel ve niimerik parametreleri agiklanacaktir. En son olarak da RTD’nin DNS
verilerinden faydalanilarak belirlenmesi i¢cin yontem ve goriintiilenen yerel kalma

suiresi alan1 anlatilacaktir.

3.1. Nimerik Yontem

Dogrudan niimerik simiilasyonlar ticari olmayan bir bilgisayar kodu olan TURBIT-
VOF ile yapilmistir (Sabisch 2000, Sabisch et al. 2001). Bu kod, sabit akiskan
ozellikleri (yogunluk, viskozite, ylizey gerilimi v.b.) kabuliiyle iki sikistirilamayan ve
birbirine karigmayan akiskan i¢in ylizey gerilimi ifadesi iceren Navier-Stokes
denklemlerini ¢ozer. Tek alan formiilasyonu, gaz-sivi ara yiizey boyunca uygun
momentum atlama sartlar1 i¢in otomatik olarak hesaplar. Temel denklemler boyutsuz
olarak yazilmistir, bkz. Ghidersa et al. (2004) ve Oztaskin et al. (2009).

Normalizasyon i¢in referans uzunluk oOlgegi L ve referans hiz olgegi U

ref
kullanilmigtir. Coziim stratejisi, basing i¢in Poisson denkleminin ‘conjugate gradient’
bir ¢oziicii ile ¢oziildiigi bir projeksiyon metodunu temel almaktadir. Tek alanli
Navier-Stokes denklemlerinin zaman integrasyonu explicit ii¢iincii derece bir Runge-
Kutta yontemi kullanilarak yapilir. Uzayda ayriklastrma (discretization) diizenli
Kartezyen ayr1 diigimlii ag yapisi (staggered grid) kullanilan bir sonlu hacimler
yontemine dayanir. Uzayda biitiin tiirevler ikinci derece merkezi farklar yaklagimiyla

ifade edilir.
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Iki birbirine karigmayan akigkani ayiran deforme olabilir ara yiizeyin degisimini
hesaplamak i¢in akigkan hacmi (VOF) yontemi kullanilir. Anlik olarak her iki fazi da
iceren ag hiicrede (mesh cell), yerel olarak ara ylizey bir diizlem yaklasimiyla ifade
edilir. Diizlemin yonii ve yeri, siirekli akiskanin hacim kesrinin (f, volume fraction)
ayrik dagilimmdan yararlanilarak yeniden yapilandirilir. Belirli anlik bir zamanda,
tamamen sivi ile dolu ag hiicrelerde f =1, tamamen gaz ile dolu ag hiicrelerde
f =0 ve her iki faz1 da igeren ag hiicrelerde 0< f <1 oldugu dikkate alinmalidir.
f ’nin degisimi siirekli fazin kiitle korunumunu ifade eden bir adveksiyon denklemi
tarafindan kontrol edilir. Iki faz arasinda keskin bir smir yerine niimerik hatalardan
dolay1 olusan sivi-gaz bilesiminin kalmhigmnin arttigi ve sivi akis ara bdlmesinin
gittikge birbirine yaklasmasima sebep olan etkiden (smearing) kacinmak icin bu f-
denklemi bir fark semas: ile ¢Oziilmez. Bunun yerine, herhangi bir ara yiiz ag
hiicresinin yiizeyi boyunca olan f akisi (vektorel anlamda), ara yiizii temsil eden
diizlemin yeri ve yOniine bagl olan geometrik bir yontemle hesaplanir. Niimerik
yontem hakkinda daha detayl bilgi icin Sabisch et al. (2001) ve Oztaskin et al.
(2009) 1simli kaynaklardan faydalamilabilir. Kare seklindeki bir mini kanalda
kabarcik dizisi akis1 icin TURBIT-VOF kodu ile onde gelen ii¢ ticari hesaplamali
akiskanlar dinamigi (CFD) kodunun etrafli bir yazilim karsilastirma testi Ozkan
(2006) ve Ozkan et al. (2007)’de goriilebilir. Ayrica, cok fazli akislarin niimerik
modellenmesi ile ilgili ayrintili bilgi icin Bkz. Worner et al. (2003).

3.2. Similasyonun Kurulumu

Simiilasyonlarin kurulumu Ghidersa et al. (2004) ve Worner et al. (2007)’de ayrmtil
olarak tamimlanmustir. Burada da kisaca bahsedilecektir. Sekil 3.1°de gosterilen bir
hesaplama alan1 ve koordinat sistemi dikkate alinir. Kare kanalin dort yan duvarinda

kaymama sinir sart1 uygulanirken, dikey eksenel yonde (y ) periyodik smir sartlar:
kullanilir. Eksenel yonde hesaplama alanmin uzunlugu L_ ile verilir. Bu uzunluk
Sekil 3.1°de de gosterildigi gibi bir birim hiicreyi temsil edebilirken, N pozitif bir
tamsay1 olmak lizere N tane birim hiicreyi de temsil edebilir. Akis, hesaplama

alan1 boyunca tanimlanan eksenel basing diisiimii isaretine bagli olarak yukar1 veya

asag1 es yonlii akim olabilir. Simiilasyonlar hesaplama alaniin merkezinde yer alan
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bir kabarcik ile hareketsiz akiskandan baslar ve hesaplama alaninin icerisindeki

kabarcik hizi ve ortalama sivi hizi son sabit degerlere ulagsana kadar devam ettirilir.

Ust: perivodik s gartlart

|- Yan

duvarlar:
D kaymama
s sarta

|

Alt: perivodik suur sartlar

Sekil 3.1: Hesaplama alan1 ve koordinat sisteminin temsili gosterimi

3.3. Simulasyon Parametreleri

Bu calismada kullanilan bes farkli durum (case) ele alinmigtir. Biitiin durumlar i¢in
su parametreler aymdir: D, =L =L =L_ =2mm, siv1 yogunlugu p, =957 kg/m’,
gaz yogunlugu p, =11.7kg/m’, sivi viskozitesig, =0.048 Pa-s, gaz viskozitesi
U, =0.184mPa-s ve yiizey gerilim katsayisi ¢ =0.02218N/m, referans hiz

U,.; =0.0264m/s, referans zaman Olgegi ¢t =1,

ref

/U .. =0.0757s ve hesaplama

alaninda tutulan gaz € =33% .

Kullamlan durumlar, birim hiicre uzunlugu L., etki alanindaki birim hiicre sayis1
N, ve akis yoni ile baglantili olarak degisir (Bkz. Tablo 3.1). Al, Bl ve C

durumlari i¢in hesaplama alam tek bir birim hiicre igerirken, A2 ve B2 durumlari i¢in
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iki birim hiicre icerir. A1 ve B1 durumlar1 Worner et al. (2007)’deki sirasiyla A2 ve
E durumlarina; A2 ve B2 durumlar1 ise Oztaskin et al. (2009)’daki sirasiyla Al ve
B1 durumlarma tekabiil eder. Biitiin bu durumlarda akis yukar: yonlii iken, C
durumunda asag1 yonliidiir. C durumu da Worner et al. (2007)’deki G durumu ile ters
akis yonlii olarak benzerdir. Zaman adimi genisligi Ar ve hesaplanan zaman adimi

sayis1 N, ise Tablo 3.1°de verilen diger bilgilerdir. Biitiin durumlarda uniform bir ag

t

yapisi boyutu (grid of mesh size) Ax=Ay=Az=L_, /48 kullanilmigtir.

Her durum icin karakteristik hizlarin son degerleri ve kabarcik boyutlar1 ve ayni

zamanda Reynolds sayilar1 Re, =p, DU,/ ve kilcallik (capillary) sayilar:
Ca=p U, /o Tablo 3.2’de verilmistir. Biitiin durumlarda kabarcik eksenel

simetriktir. Ornegin, kabarcigin kesit alan1 her eksenel pozisyonda daireseldir.

Tablo 3.1: Simiilasyonlarin niimerik parametreleri

Durum Alan Ag yapisi L /L, Ny £ N, Atlt,;

Al 1x1x1 48x48x48 1.0 1 0.3307 40000 25x107
A2 1x2x1 48x96x48 2.0 2 0.3307 50000 25x107
Bl Ix1.5x1  48x72x48 1.5 1 0.3303 50000 25x107
B2 Ix3x1  48x144x48 3.0 2 0.3303 70000 25x107
C Ix1.75x1  48x84x48 1.75 1 0.3303 45000 15x107°

Tablo 3.2: Hizlarmn son degerleri, kabarcik boyutlar1 ve boyutsuz sayilar

Durum U,/U, u/u, JI1U,, D, /D, L, /D, Re, Ca

Al 3.66 1.20 2.02 0.809 0.064 3.86 0.21
A2 3.66 1.20 2.02 0.809 0.064 3.86 0.21
Bl 3.86 1.37 2.19 0.849 0.292 4.06 0.22
B2 3.96 1.37 2.22 0.843 0.280 4.17 0.23

C -3.25 -1.53 -2.09 0.891 0.480 342  0.19
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3.4. DNS Verileri Kullanilarak RTD’nin Niimerik Olarak Belirlenmesi

Kabarcik dizisi akiginda bir birim hiicredeki sivi fazin RTD’sinin niimerik olarak
belirlenmesi i¢in izlenmesi gereken yol Worner et al. (2007)’de detayli olarak
anlatilmigtir. Burada, bu prosediiriin kilit noktalarindan kisaca bahsedilecektir.
Yontem, onceden DNS ile elde edilmesi gereken bir birim hiicredeki hacim kesri ve
tic boyutlu ani hiz alani i¢in alinan verilere dayanir. Bahsedilen prosediir sadece tam
gelismis kabarcik dizisi akist i¢in anlamlidir. Tam gelismis akista hareket
eksenindeki dogrusal hiz sabit ve kabarcik sekli kararlidir. RTD’yi DNS verilerinden
faydalanilarak belirleyen bu yontem bir pargcacik yontemidir ve tek bir birim hiicrede
icerisinde siv1 faz ile dolu hacimdeki sanal parcaciklarin sisteme diizenli araliklarla
verilmesine dayanir. Her bir parcacigin verilen akis alanindaki konumu, birinci
derece Euler semas: ile izlenir. Euler semasmda parcacigin bulundugu konumdaki
hiz alani, ayr1 diigiimlii DNS ag yapisindan (staggered DNS grid) yararlanilarak
lineer interpolasyondan elde edilir. Kalma siiresi dagilimi, sanal parcaciklarm birim
hiicre uzunluguna esdeger bir eksenel mesafe gidebilmesi i¢in ihtiya¢ duyulan
zamanin istatistiksel olarak belirlenmesinden ve parcaciklarmm  baslangic
pozisyonundaki eksenel hizlarm1 hesaba katan uygun bir agirhklandirma

prosediiriinden elde edilir.

RTD’nin belirlenmesi i¢in ii¢ niimerik parametre bulunmaktadir. Birincisi, parcacik

yoriingelerini hesaplamak i¢in kullamilan zaman adimi genisligi Az,’yi belirlemek

icin gerekli olan pargacik CFL sayisidir;

Atp ‘up‘

CFL, = (29)

ve biitiin durumlar icin degeri 0.2’dir. ikincisi, birim uzunluk basina parcacik

sayisidir ve biitiin durumlar i¢in N, =48 degerini alir. Ugiincii parametre, RTD’deki

her bir bolim i¢in zaman aralifin1 tanimlayan At

class

parametresidir. Sekil 3.2°de

At

class

seciminin niimerik olarak belirlenen RTD iizerindeki etkisi gosterilmektedir.

Worner et al. (2007)’de Kkiiciik Az

class

degerlerinin komgu bdoliimler icin E

degerlerinde olduk¢a farkli sonuglar verebilecegi belirtilmistir. Biiyiik Az

class
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degerleri ise daha yumusak ancak daha kaba ¢Oziiniirliige sahip egrilere sebep

olmaktadir. Sekil 3.2’de bu davranmis agikca gosterilmistir. Sekilde ti¢ farkli Az

class

degeri i¢in C durumunda RTD belirlenmistir, Ar,  =7,/3, 7,/2 ve 7.

class

At

class

=7,=0.450 i¢cin RTD en yumusak egriye ancak en kaba c¢Oziiniirliige

sahipken Ar, =7, /3 i¢in komsu boliimler i¢in RTD’nin birbirinden oldukga farkli

class

degerleri vardir. Sekil 3.2°de, At

class

=17, /3 ile verilen egrinin ilk {i¢ boliimiiniin

alani, At

class

=7, /2 ile verilen egrinin ilk iki boliimiiniin alan1 ve Ar, =7, ile

class

verilen egrinin ilk bolimiiniin alanmin esit oldugu goriilebilir. Az, degerinin
secimi, f =7, degerinde RTD egrisinin tepe noktas: yliksekligi tizerinde onemli bir
etkisi vardir. Bu durum RTD i¢in belirlenen modellerin RTD’nin niimerik

sonuclartyla karsilastirilmasinda zorluk yaratmaktadir.

RTD’nin niimerik olarak belirlenmesi i¢in diger bir 6nemli parametre ise N__  dur.

Cross

Bu pozitif tamsayr sanal parcaciklarin hesaplama alanini eksenel yonde gecme

sayisi1 tanimlar. Boylece N,

woss» DIF dizi ¢oklu sanal birim hiicre i¢cin RTD’nin
belirlenmesini saglar. Bu prosediir, ¢coklu birim hiicre RTD’sinin belirlenmesindeki
yeterliligini test etmek amaciyla Al ve A2 durumlarina uygulanmistir. Her iki durum
da 6zdes birim hiicrelere sahip olmakla beraber Al durumunda hesaplama alani bir
birim hiicre icerirken A2 durumunda iki birim hiicre icerir. Sekil 3.3’de Al

durumunda N _ =2 ile elde edilen RTD ile A2 durumunda N_ . =1 ile elde edilen

RTD karsilagtirilnustir. iki RTD arasindaki farklar ¢ok azdir. Sonug olarak, seri
sekilde n sayida birim hiicre i¢in RTD, simiilasyon sonuglarindan yaralanilarak

N_ .. parametresi n’ye esitlenmesiyle hesaplama alani bir birim hiicre iceren durum

Cross

ile belirlenebilir.
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Seki 3.2: Niimerik olarak belirlenen RTD egrilerinde At,,,’1n etkisinin gosterimi

] —— Durum A1: N =2 X

cross

1.0 1 ---- DurumA2: N =1 |

cross

0.0

4 6
e L]

Sekil 3.3: Neos=2 icin Al ve Ngois=1 i¢in A2 durumlart ile elde edilen iki birim hiicre i¢cin RTD
egrilerinin karsilastirilmasi
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3.5. Kabarcik Sekli ve Hiz Alani

Sekil 3.4’de Al, B1 ve A2 durumlar: i¢in hesaplanan kabarcik sekli ve hiz alani
AVS/Express goriintiilleme yaziliminda goriintiilenmigtir. Biitiin simiilasyonlarda
kabarcik eksenel simetrik, yani herhangi bir eksenel konumda kabarcik kesit alani
daireseldir. Hiz alani, sekillerin sol yarisinda sabit eksen takiminda, sag yarisinda ise
kabarcik ile beraber hareket eden eksen takiminda (yani kabarcik hizi dikey hiz
bileseninden c¢ikarilmistir) gosterilmistir. Sabit eksen takiminda, sivi akis ara
bolmesindeki hiz profilinin parabolik oldugu goriilmektedir. Sivi filmin ¢ok ince
oldugu bolgede hiz neredeyse sifirdir. Kabarcik ile beraber hareket eden eksen

takiminda kabarcigin icindeki akis ¢oziimlenebilir.

3.6. Yerel Kalma Siresi Alaninin Analizi

Uc boyutlu dogrudan niimerik simiilasyon verilerinin belirlenmesi vasitasiyla
kabarcik dizisi akismin sivi fazdaki yerel kalma siiresinin ii¢ boyutlu alan elde edilir.
Yerel kalma siiresi alanit icin elde edilen veriler AVS/Express goriintiileme
yazilimida goriintiilenmistir. Sekil 3.5’de B1 durumu i¢in kalma siiresi alani ve
hesaplanan kabarcik sekli gosterilmektedir. Eksenel yonde periyodik sinir sartlari
dikkate alinmistir. Hesaplama alanindaki yerel kalma siiresi biri dikey eksenel yonde

(y) digeri bu eksene dik yatay kanal kesit alam1 olmak iizere iki farkli diizlemde

gosterilmistir. Kalma stiresinin farkli degerleri solda verilen renk skalasinda
tanimlanan farkli renklerle temsil edilmektedir. Koyu mavi, en hizli parcaciklarin
kalma siiresini; diger renkler ise daha yiiksek kalma siiresi degerlerini ifade
etmektedir. Sekil, kabarcigin arka kismindaki sivi akis ara bolmesinin merkezinde
yer alan parcaciklarin alan1 en kisa zamanda gectigini yani en az kalma siiresine
sahip oldugunu gosterir. Sivi pargaciklar, kabarciga yakin olduklar1 yerlerde diisiik
kalma siiresine ve kati duvarlara yakin olduklar1 yerlerde yiiksek kalma siiresine
sahiptir. Kabarcik ve duvar arasindaki ince kisimda ¢ok yavas parcaciklar bulunur.
Beklendigi gibi, kalma siiresinin en yiiksek degeri kanalm dort kosesinde

goriilmektedir.
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|

Sekil 3.4: a) Al durumu, b) B1 durumu, ¢) A2 durumu i¢in hesaplanan kabarcik sekli ve hiz alani. Sol
yart: sabit eksen takimi; sag yari: kabarcik ile beraber hareket eden eksen takimi. Eksenlerdeki
degerler x/L.¢ ve y/L.¢ olarak ifade edilir

5.00

3.46

1.92

0.37

Sekil 3.5: B1 durumu i¢in goriintiilenen yerel kalma siiresi alani ve ii¢ boyutlu kabarcik sekli



BOLUM 4. KABARCIK DiziSi AKISI iCIN KALMA SURESI
DAGILIMININ MODELLENMESI

Bu bolimde kabarcik dizisi akisi i¢in RTD’nin modellenmesine anlatilacaktir.
Calismanin ana konular1 olan birim hiicre RTD modelinin iyilestirilmesine ve ¢oklu
birim hiicreler icin istenilen modele odaklanilacaktir. Elde edilen modeller

karsilastirilacak ve sonuglara gore degerlendirmeler yapilacaktir.

4.1. Tek Bir Birim Hiicre icin RTD
4.1.1. WGO model

Sekil 3.2°deki kalma siiresi dagilimi egrileri yiiksek bir pike dogru ani bir artig ve
yavas bir diisiis gostermektedir. RTD’nin sifirdan sonsuza bu ani artis1 en hizli
akiskan parcaciklarinin kalma siiresine, ornegin Sekil 3.5°deki sivi akis ara
bdlmesine, tekabiil eder. RTD’nin bu gecikme zamani bir darbeli akis reaktorii ile
modellenebilir. igteki yar1 logaritmik 6lcekteki grafikler, kiiciik ve orta zaman
degerlerinde RTD’nin egimi neredeyse sabit oldugunu gosterir. Bu durum, RTD
egrisinin bu kisminin eksponansiyel bir yaklasimla ifade edilebilecegini akla getirir.
Buradan yola cikarak, RTD egrileri, bahsedilen her iki sart1 da saglayan seri sekilde
iki tanktan olusan bir tek fazl akis kompartiman model yaklasimiyla ifade edilebilir.
Birinci tank gecikme zamanini temsil eden bir darbeli akis reaktorii (PFR) ve ikinci
tank eksponansiyel bir diisiimii temsil eden miitkemmel olarak karigmis bir siirekli
karistirilan tank reaktoriidiir (CSTR) (Bkz. Sekil 4.1). Grafik olarak, PFR, bir
otelenme ve bir pik verirken CSTR, bir eksponansiyel azalma saglar. Otelenme,
kanali gecmek icin gerekli olan minimum zaman tarafindan; pikin yiiksekligi ve
eksponansiyel azalma, akis debisi ve kanal hacminin oram1 Q/V tarafindan belirlenir
(Bkz. Sekil 12.1, Levenspiel, 1999). Bu fikir mikro kanallarda diisiik Bodenstein

sayllarinda Taylor akisi siiresince eksenel karismayi ongormek icin bir analitik
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model gelistirmek amaciyla Salman et al. (2004) tarafindan daha once uygulanmstir.
Ancak bu model, film kalmhg1 diizenli olmayan dairesel kanallar i¢in gelistirilmis
oldugundan film kalnhg1 diizensiz dairesel olmayan kanallarda eksiklikler

gostermektedir (Worner et al., 2007).

Kare bir kanalda yukar1 yonlii kabarcik dizisi akis1 icin Worner et al. (2007)’de ufak

farklar1 olan iki model 6nerilmektedir. E; olarak adlandirilan ilk model

0 for t< L. /U,
E =Ey (=1 J J ( Ly H (30)
exp —t || for t2Ly. /U,
Lyc LUC(UB f

olarak verilir. Bu modelde CSTR, akiskanlarin devridaim hareketi nedeniyle iyi
karigmis olan sivi akis ara bolmesini temsil eder (Thulasidas et al., 1997). Siv1 akis

ara bolmesindeki ortalama hiz J=J,+J =&U, +(1-€)U, olarak verilen toplam
goriiniir hiza (superficial velocity) esittir. Burada, U, ortalama sivi hiz1 ve & birim

hiicredeki gaz fazin hacim kesridir. Boylece, bu modelde CSTR’nin ortalama kalma

siiresl Tegy =75 = Ly /J olarak verilir. Model E;, , Denklem (30)’da goriiniir hiz
J ’nin ortalama siv1 lizi U, ile degistirilmesiyle elde edilir. Bundan sonrasinda,
model E, kare bir kanalda kabarcik dizisi akiginda sivi faz RTD i¢in E;, "den daha

uygun bir yaklasim oldugundan sadece E; modeli dikkate almacaktr ve WGO
model (Worner, Ghidersa, Onea 2007) olarak ifade edilecektir.

WGO modelde kanali gegmek i¢in minimum zaman 7, =L,./U; olarak ifade
edilen kabarcik hamle zamam olarak tamimlanir. Burada, U, kabarcigin hareket
eksenindeki dogrusal hizdir. Hamle zamani, kabarcigin L. kadar bir eksenel

mesafeyi gitmesi i¢in gerekli olan zamandir ve ayni zamanda kabarcigin PFR’de yol
almasi i¢in gerekli zaman olarak kabul edilir. CSTR’nin ortalama kalma zamani ise

s1v1 akig ara bolmesini temsilen 73 = L. / J seklinde tanimlanir.
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Sekil 4.1: WGO modelin kompartiman gosterimi. Qp sivi fazin hacimsel debisi, Vprr ve Vestr

sirastyla, darbeli akis reaktorii ve siirekli karistirilan tank reaktoriiniin hacmi

Bu tanimlamalar kullanilarak Denklem (30) daha kisa bir sekilde asagidaki gibi
(3D

yazilabilir,
H(t—7y) exp(—t_TBj
TS

Ts

E, =Ey ()=
(32)

Burada,
0 for x<O

H(x)=
) {1 for x>0
Heaviside adim fonksiyonudur. Bu siireksiz fonksiyon en hizli par¢aciklarin reaktorii

gecmesi i¢in gerekli zaman olan gecikme zamanimi belirler. Denklem (31)’in

degerleri verilmistir.

integrali birdir ve bdylece her RTD’nin gerek sartinin saglar (Bkz. Ek-A.1.1).
Tablo 4.1’de, WGO modelde farkli durumlar i¢in kullamilan 7, ve 7y degerlerinin
/t

class ref

listesi; ayrica her durum i¢in kullanilacak olan Ar
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Tablo 4.1: Birim hiicre RTD modeli i¢in parametre degerleri

Durum 7, /t, T /t, US. /U, U". 1U, A T, /t, At It
Al 0273  0.497 3.66 4.22 0.867  0.273 0.133
A2 0273  0.497 3.64 4.22 0.863  0.275 0.133
Bl 0.389  0.684 4.02 4.59 0.876  0.373 0.186
B2 0379  0.674 4.08 4.66 0.876  0.367 0.183

C 0.539  0.836 -3.89 -4.39 0.879  0.450 0.225

4.1.2. PD ve PDD model

Bu boliimde bir birim hiicrenin RTD’s1 i¢in iki gelistirilmis model elde edilmektedir.
Bu yeni modeller, gecikme zamanmna ve RTD’nin kuyruguna gore WGO modeli

tyilestirecektir.

4.1.2.1. Gecikme zamani

Sekil 4.2 ‘de Al ve C durumlari i¢in birim hiicre RTD modeli numerik olarak
belirlenen RTD egrileri ile karsilastirilmistir. Lineer ve yarit logaritmik olarak
goriintiilenen sekilde golgeli alan niimerik verileri, kirmizi egri ise WGO modelden
elde edilen analitik RTD verilerini temsil etmektedir. Sekil 4.2 (a)’da kabarcik hamle
zamanimi ifade eden kesikli ¢izgi RTD’nin gecikme zamaniyla uyumludur. Yani
hicbir sivi parcacik kabarciktan daha hizli degildir ve sivi parcaciklarin ¢ogunlugu
kabarcik hizindan sadece biraz daha az olan bir hizla hareket etmektedir. Diger
taraftan, asag1 yonlii akis1 gosteren Sekil 4.2 (b)’de bazi parcaciklarin kanali gegmek
icin kabarciktan daha az zamana ihtiya¢ duydugu yani bir diger ifadeyle kabarciktan
daha yiiksek hiza sahip olduklar1 goriilmektedir. Bunun sebebini incelemek icin

yukar1 ve asag1 yonlii kabarcik dizisi akisinda yerel akis alani analiz edilir.
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Sekil 4.2: (a) Al durumu ve (b) C durumu i¢in niimerik olarak belirlenen birim hiicre RTD egrilerinin
WGO modelle karsilastirilmasi. Dikey kesikli ¢izgi her bir durum i¢in kabarcik hamle zamanini

gosterir
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Sekil 4.3: Dikey orta-diizlem z = 1 mm’de hesaplanan kabarcik sekli ve hiz alani. Sol yari, sabit
koordinat sistemi; sag yari, kabarcikla beraber hareket eden koordinat sistemi. (a) yukari es yonlii
akim seklinde akis (Worner et al., (2007)’de G durumu) ve (b) asagi es yonlii akim seklinde akis (C
durumu)

Sekil 4.3, yukar1 es yonlii akim seklinde akis (Worner et al., 2007°de G durumu) ve
asag1 es yonlii akim seklinde akis (durum C) i¢in hesaplanan kabarcik seklini ve hiz
alanlarim1 gostermektedir. Seklin sol yarisinda dikey eksenel orta-diizlemde hiz alani
sabit koordinat sisteminde sag yarisinda kabarcik ile beraber hareket eden koordinat
sisteminde (yani kabarcik hiz1 dikey hiz bileseninden ¢ikarilmistir) gosterilmektedir.
Her iki durum i¢in de sabit koordinat sisteminde goriildiigii gibi siv1 film bolgesinde
hiz neredeyse sifirdir. Hareketli eksen takiminda, yukar: yonlii durumda kabarcigin
arka kisminda hiz neredeyse sifirdir. Sekil 4.3 (a)’da sag yarida goriilen bu bos
kisimlar akis ara bolmesinin neredeyse kabarcik hizinda hareket ettigini gosterir. Bu
durumda, buradaki yukar1 yonlii akis i¢in kabarcik hizinin en hizh pargaciklar: temsil
ettigini kabul etmek ve kabarcik hamle zamanimni birim hiicre RTD modelinde

kullanmak makul bir yaklagimdir.
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Ancak, asagi yonlii akis olan C durumu incelendiginde hareketli eksen takiminda
(Bkz. Sekil 4.3 (b)) kabarcigin arkasindaki hiz vektorleri goriilebilmektedir. Bunun
anlami, beklendigi gibi, akis ara bolmesinin hizinin kabarcik hizindan daha fazla
oldugudur. Bu sonu¢ Sekil 4.2. (b)’de elde ettigimiz sonuglarla tutarlilik
gostermektedir. Bu davranig sivini kaldirma kuvveti ile agiklanabilir. Yukar1 yonlii
akista kaldirma kuvveti kabarcigl siviya nazaran hizlandirirken, asagi yonlii akista
yavaslatir. Boylece asagi yonlii akista sivi akis elemanlar1 kabarciktan daha hizli
olabilir. Bu durumda, birim hiicre RTD modelinde kabarcik hizi kullanilirsa en hizli
akiskan parcaciklart ihmal edilmis olacaktir. Sivi akis ara bolmesinin ortasindaki hiz
vektorleri, kabarciga yakin bolgeye gore oldukga belirgindir. Buna dayanarak, RTD
modelinde kabarcik hizinin yerine Denklem (30)‘da akis ara bolmesindeki sivinin
maksimum hizin1 kullanmak, asag1 yonlii akis icin de gecerli olacak daha genel bir

model i¢in gereklidir.

Diiz bir kanal icerisinde her tam gelismis laminer akis i¢in ortalama ve maksimum

hizlar arasinda dogru orantih bir iliski vardw; U . =C U . Sabit C_ degeri

mean Ccs max

sadece kanal kesitinin sekline baghdir ve dairesel bir kanal i¢in C_ =0.5, kare bir
kanal i¢cin C=1/2.0962=0.477 dir (Shah and London, 1978). Kabarcik dizisi

akisinda, sivi akis ara bolmesindeki ortalama sivi hizit U =J olarak verilir.

L,mean
Boylece, sivi akis ara bolmesi tam gelismis bir akis icin yeterince uzun ise akis ara

bolmesindeki sivinin maksimum teorik hizi U™

L,max

=J /C,, olur. Daha kisa siv1 akig

ara bolmesi i¢cin ise akig ara bolmesindeki sivinin maksimum gercek hizi

U act — ﬂ/U th

L,max L,max

gibi daha kiiciik bir deger olabilir. 4 degiskeni (0,1] arasindadir.

Sekil 4.4°de sivi akis ara bolmesinde Al, Bl ve C durumlar icin eksenel hiz
biiyiikliiklerinin profilleri gosterilmektedir. Hiz profilleri, kabarcik hizlar1 ile
normalize edilmistir. Bu normalizasyon, kabarcik hamle zamaninin hesaplanmasinda
da dikkate alman kabarcik hizlarim akis ara bolmesindeki sivi hizlar ile karsilastirma
imkan1 vermektedir. Sekilde, yatay cizgiler her durum icin aym akis debisi ile tam
gelismis laminer bir akista maksimum hizlar1 belirtir. Sekil 4.4 var olan

simiilasyonlarda sivi akis ara bolmesinin tam gelismis bir akis i¢cin ¢ok kisa oldugunu
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gosterir. Biitiin durumlarda profiller parabolik degil diizdiir. Bu durum Thulasidas et
al. (1997) ve Tsoligkas et al (2007)’daki deneysel sonuclarla Ortiismektedir. Bu
yazarlar, kara mini kanalda asag1 es yonlii Taylor akisinda sivi akis ara bolmesinin

ortasindaki hiz profillerini incelemis ve L <D, olan kisa akis ara bolmeli akislarin
diiz, L, > D, olan uzun akis ara bolmeli akislarin parabolik bir eksenel hiz profili

sergilediklerini bulmuslardir. Yani kisa bolmelerde hiz profili tam gelismis degildir.

Thulasidas et al., 1997 deneyleri sonucunda L,/ D, 21.5 oldugunda sivi akis ara

bdlmesinde tam gelismis Poiseuille profili elde edilebilecegini bulmustur. Buna gore,
artan akis ara bolmesi uzunluguyla beraber A degeri de artmali ve akis tam geligmis

oldugunda  asimptotik  olarak  bire  yaklasmaldir. Simiilasyonlardaki

ﬂ/:Uact /Uth

L,max L,max

degerleri Tablo 4.1’de verilmistir. Biitiin durumlarda A degeri

0.86—0.88 arasindadir.
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Sekil 4.4: Siv1 akis ara bolmesinde yatay bir kesitte Al, B1 ve C durumlari i¢in duvara gore normalize
edilmis eksenel hiz biiyiikliiklerinin profilleri. Her durum i¢in hiz profilleri ilgili kabarcik hizlariyla
normalize edilmistir. Yatay cizgiler her durum icin tam gelismis Poiseuille profilinin normalize
edilmis maksimum hizlarimni belirtir
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Bunun yani sira, Al durumunda maksimum gergek hiz U ile kabarcik hizinin

L,max

neredeyse esit oldugu Sekil 4.4’de goriilmektedir. Sivi akis ara bolmesinin Al

act
L,max *

durumuna gore biraz daha uzun oldugu Bl durumunda maksimum hiz U

U,’den biraz fazladir. Asag1 yonlii akig olan C durumunda ise, U;"  acik bir

L,max
sekilde U} den fazladir. Ayrica, hiz profile daha paraboliktir. Bu sonug¢lar, kabarcik
hamle zamam ve gecikme zamani arasindaki iliskiye de 1sik tutar. Sadece

U act

L,max

=U, olan Al ve A2 durumlar1 gibi ¢ok kisa akig ara bolmeli, yukar: yonlii

akislarda kabarcik hamle zamanini gecikme zamani yerine kullanmak makul olabilir.

Bu sonug, U

Lmy degerinin Uy den ¢ok daha biiylik oldugu veya bagka bir deyisle
7, 'nin 7, den biiylik oldugu C durumunda gecerli degildir. Bu durumda, her akis

ara bolmesi uzunlugu ve her akis yonii icin daha genel ve tutarli bir model elde

etmek amaciyla WGO modelin gecikme zamanina gore iyilestirilmesi gereklidir.

Herhangi bir sivi akis ara bolmesi uzunluguna sahip asagi es yonlii kabarcik dizisi

akisinda WGO modeli iyilestirmek i¢cin Denklem (30)‘da kabarcik hizi U, yerine

Ul = AUS . = AJ 1 C,, yazilir ve agagidaki model elde edilir,
0 for t<C L,./(AJ)
. 33
ue(®) Lexp (&_tij for t>C. L,./(AJ) 9
Lic \A J |

Bu diizeltilmis WGO model gecikme zamanini hesaplamak icin kabarcik hizi yerine
en hizli akigkan parcaciklarinmn hizlarini igerdiginden daha genel bir modeldir.

Burada gecikme zamani su sekildedir,

L L C.L. C
T.= uc — uc — cs Tue cs T 34
PTyE AUt AT A4S (34)

Tek bir birim hiicre i¢in diizeltilmis WGO model kisaca asagidaki gibi yazilabilir,

H(- - H(t-
EUC(t):—(tT TD)exp{—t TDJ: { TD)exp[%—Lj (35)

S TS TS TS
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Bundan sonra, bu diizeltilmis model PD model olarak ifade edilecektir. Buradaki P
“peak’” yani “tepe noktasi ya da pik”, D ise “decay” yani “diisiim” kavramlar1 i¢in
kullanilmaktadir. Bu isim, RTD’nin bir pik ve takip eden bir eksponansiyel diisiim
icerdigini anlatir. PD modelde A heniiz bilinmemektedir. Ancak, bu parametre
L/ D, mm bir fonksiyonudur ve L;/D, ’nin biiyiikk degerleri i¢in bire yaklasir.
Burada Tablo 4.1°de verilen, Olciilen A degerleri kullanilacaktir. Ancak,
A=AL;/D,) i¢in uygun bir bagmtimm gelistirilmesi ileriki ¢aligmalarin konusu

olacaktir.

Denklem (35)’de RTD’nin ortalama kalma siiresi i¢in Bkz. Ek-A.1.2,

Tye = lye = j tEyc(Ddt = 7, + T = 7 (CT+ 1) (36)
0

ve varyans i¢in Bkz. Ek-A.1.3,

R (37)

Boyutsuz zaman

Oy = (38)
TUC
ile Denklem (35) boyutsuz formda kisaca asagidaki gibi yazilabilir,
— TUC TUC
Ey o (0) =7, Eyo (1) = H(TycOyc) T_ exp [_euc T_j
S S (39)

= H((1, +7,)8,. ) 2% exp(—ﬁUc s ”Sj

4.1.2.2. RTD’nin kuyrugu

Sekil 4.2°de gosterilen RTD egrisindeki kuyruk kisimlari, neredeyse duragan olan
sivi filmdeki akisi temsil eder (Bkz. Sekil 4.3, sol yar1). Sekil 4.2°de igteki yari
logaritmik grafikler her iki RTD egrisini karsilagtirmamizi saglar. Niimerik RTD’de
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t/t . >4 degerleri icin RTD egimini degistirir ve egim diizlesmeye baslarken, yar1
logaritmik gosterimde WGO modelin egimi sabittir. Bu sonu¢ RTD’nin kuyrugunun
WGO model ile tam olarak tanimlanamadigini gosterir. Worner et al. (2007)’de

t/t . <4 i¢cin RTD egrisinin daha dik egimi model E, ile daha iyi tanimlanir. Bunun
nedeni model E;’de t/t, <4 olan kalma siirelerinin sivi akis ara bolmesindeki

ortalama hizlar1 goriiniir hiz J ’ye esit olan akigkan elemanlarini ifade etmesidir.

Bunun yam sira, 7/t >4 olan daha diiz e§im i¢in E; daha iyi bir yaklagimdur.

Bunun nedeni ise 7/t >4 olan kalma siirelerinin kanalin dort kosesindeki akiskan

elemanlarmi ifade etmesidir. Buradaki ortalama sivi hizi J ’den kiiciiktiir ve birim

hiicredeki ortalama sivi hizi U, ile ifade edilmis olabilir. Ancak E; , 1/1, >4 i¢in

daha iyi bir yaklasim oldugu halde bu modelin egimi yiiksek kalma siireleri i¢cin hala
cok diktir (Bkz. Worner et al., 2007, Sekil 8a). Bu durumda, yiiksek kalma siiresi
degerleri i¢cin daha diiz bir egim elde etmek amaciyla daha da diisiik bir ortalama siv1

hiz1 se¢ilmelidir.

Bu fikirler dikkate alinarak PD model, kii¢iik ve biiyiik kalma siiresi degerleri i¢in iki
farkli egim tanimlayan, RTD’nin kuyruk kismini daha iyi temsil edecek bir model
sekline doniistiiriilecektir. Sekil 4.5’de gosterilen ii¢ tank kompartiman modeli, bir
pik ve takip eden farkli egimlere sahip iki eksponansiyel diisiimiin siiper
pozisyonunu olarak karakterize edildiginden (Bkz. Levenspiel, 1999, Sekil 12.1)
uygun bir model olacaktir (Worner et al., 2007). Bu model PDD model yani pik-
diistim-diisiim (peak-decay-decay) olarak ifade edilebilir. PDD modelde, ilk tank bir
PFR ve diger iki tank ona seri bagh iki CSTR’den olusur. Bir CSTR 6nceki gibi s1vi
akis ara bolmesini temsil ederken digeri sivi kdse akisi ve sivi film kismini temsil
eder. ki CSTR paralel oldugundan, RTD iki eksponansiyelin toplamidir. Bu iki

eksponansiyelin egimleri sirasiyla sivi akis ara bolmesinin ortalama kalma stiresi 7

ve s1v1 film/kose akisini temsil eden CSTR’ nin ortalama kalma siiresi ile tanimlanir.
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Sekil 4.5: PDD modelin kompartiman gosterimi. Q sivinin hacimsel debisi. Vprr, PFR’nin hacmini,
Vs ve Vg CSTR’nin hacmini ifade eder. Alt indisler ‘S’ ve ‘F’ sirasiyla sivi akig ara bolmesi ve sivi
film/kose akist kismini temsil eder

Kabarcik ile beraber hareket eden koordinat sisteminde bir siv1 kiitle dengesinden
faydalanilarak Q,  i¢in bir bagint1 elde edilebilir. Kanalda siv1 akis ara bdlmesinden
kabarcik bolgesine uzanan eksenel bir boliimiinde bir kontrol hacmi alinir ve kontrol

hacme giren ve ¢ikan s1v1 debisi dengesi su sekilde olur,

(J -U, ) A, = (UL,ﬁlm —Up)(A;, —Ap) (40)

ve buradan

s (41)

ch AB

UL,ﬁlm =U, _(UB _J)

elde edilir. Burada, U, g, =U, ;.(y) ve Ay =A;(y) swasiyla kontrol hacminin

bittigi y pozisyonunda ortalama eksenel hiz1 ve kabarcigin kesit alanini ifade eder.
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Kontrol hacminin ¢ikis kesitindeki sivinin hacimsel debisi

A
QL,ﬁlm = UL,ﬁlm (Ach _AB) =| Uy _(UB - J) A ihA (Ach — Ay ) =JA, —UgAg (42)
ch B

seklinde verilir. Abiev (2008)’de belirtildigi gibi, U, ;. ve O, ;’nin igareti pozitif

veya negatif olabilir.

Eksenel simetrik bir kabarcik i¢in lokal kesit ¢ap1 d; = d;(y) kullamlarak Denklem
(41)’den asagidaki sonug elde edilebilir,

UL,ﬁlm EUB _(UB _J){l_%(ﬂj } (43)

D,

Bu denklem d, degerine karsi ¢cok hassastir. Burada, kabarcik ¢apinin en biiyiik
oldugu eksenel kesitteki ortalama sivi hiz1 dikkate alinir. Boylece, d, = D, alnir
ve s1v1 film/kose bolgesindeki ortalama sivi hizi agsagidaki iligkiye gore hesaplanir,

-1

v ()| 1_E[ D)
UF=UB (UB J){l 4(Dh j} (44)

Burada, S icin iki farkli deger dikkate alinir; =1 and S =0.97. Sadece, U,
degeri J ile ayni isarete sahipse, yani yukar1 yonlii akis i¢in pozitif ve asagi yonlii
akis icin negatif ise, RTD modeli makul bir modeldir. Bu caligmadaki biitiin

durumlarda U degeriile J degeri aym isaretlidir. S1v1 filmi temsil eden CSTR’ nin
ortalama kalma siiresi 7. =L /|UF| denkleminden hesaplanirken sivi akis ara
bolmesini temsil eden CSTR’nin ortalama kalma siiresi WGO model ve PD
modeldeki ile ayni, yani 73 =L /|J | seklindedir. £ ’nmn her iki degeri icin 7,

degerleri Tablo 4.2’de listelenmistir.
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Tablo 4.2: PDD model i¢in 7;; ve & degerleri

B=1 £=0.97
Durum 7./t, «a, (7&-1)/7, @ T/t a, (@R-t)lt, o«
Al 3.652 0.834 3.8% 0.849 2.115 0.696 1.4% 0.706
A2 3.652 0.834 4.0% 0.850  2.115 0.696 1.5% 0.707
B1 78.015 0.991 7.7% 0.993 5.104  0.850 5.2% 0.869
B2 40.555 0.982 7.2% 0.985 4.851 0.840 4.6% 0.858
C 9.067 0.929 9.4% 0.949 3.762  0.812 7.4% 0.855

Moment i¢in iki CSTR’deki debiler Q¢ ve Q. arasindaki iliski,
=0, /(0 s+0 ) agrhklandirma faktorii ile tanimlamr. Bu agirliklandirma

faktorii 0 < ¢ <1 araligindadir ve daha sonra tanimlanacaktir. Coklu birim hiicreleri
ele aldigimiz boliim 4.2°de biitiin birim hiicrelerin 6zdes oldugu kabul edilir. Bu

nedenle, ¢ degeri biitiin birim hiicreler i¢in aynidir.

Ug tank kompartiman modelinin RTD’si 7 < Ly /U.<,  i¢in

Ej.(1)=0 (45)
ve t= Ly /U, icin

Ejc ()= alic exp L[JJC {ULL;%:M —tﬂ+(l—0{) ZJFC exp ZJFC {ULL;%:&X —tﬂ (46)
ile verilir. Denklem (34)’e gére gecikme zamam 7, =L _/|U" .|, 7. ve 7y ile PDD

model kisaca asagidaki sekilde yazilabilir ve integrali birdir (Bkz. Ek-B.1.1.),
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El.(1) =H(I—TD){Tgexp{—t_TDj+1_aexp[—t_fD H (47)

S TS TF TF

Ortalama kalma siiresi (Bkz. Ek-B.1.2.),

o

tie =T = [ES (Dt =7, + arg + (1- @)z, (48)
0

ve varyans (Bkz. Ek-B.1.3.),

o2e =207 +2(1- )7 —[ary + (- )z, (49)

olarak bulunur. Boyutsuz zaman,

1—17, 1—1,

0%. = = 50
O rorarg+(1-a)r, 0
ile PDD model asagidaki formda yazilabilir,
Eg,UC (0) =75 Efe (1)
o o o o (5 1)
= {arﬂ exp[—@{j’c TLCJ +(1- a)icexp(—eg TLCH H(z.6%)
TS TS TF TF

Sivi film bolgesinin debisi sifir ise & =1 dir. Bu durumda, Denklem (47)’deki PDD
model, Denklem (35)’deki PD modele esit olur. Ayrica, Denklem (48), Denklem (49)
ve Denklem (51)’in sag taraflar1 sirasiyla, Denklem (36), Denklem (37) ve Denklem
(39)’a indirgenir.

Simdi & i¢in uygun bir deger belirlenecek ve olasi iki secenek degerlendirilecektir.

Birincisinde «,

a=a. = QL,tot - QL,film

52
¢ QL,lol ( )
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bagintisiyla hesaplanir. Q, = JA, ve Denklem (42) ile

o. = JLAch _JAch +UBAB _ _JGAch +UBAB

¢ JLAch JLAch
(53)
_ —€UGA, +UL A, _ﬁ i_g
JLAch JL Ach
elde edilir. Denklem (48)’de verilen RTD modelin ortalama kalma siiresinden
A A
Toe =Tp +0T+(1- )7, :grs +£(—B—€JTS {l—ﬁ(—‘*—gﬂz}
2’ JL ch JL ch

(54)

{$+£{ﬁ_gﬂi+_ﬁ[i_gﬂi
2’ JL Ach J JL Ach UF

elde edilir. Burada, U, Denklem (41)’de verilmektedir. Bu se¢imin & i¢in problemi,

genelde Denklem (54)’deki ortalama kalma siiresinin Denklem (28)’de verilen birim

hiicrenin hidrodinamik kalma siiresinden farkli olmasidir. Tablo 4.2’de, £ ’nin her
iki degeri i¢in ¢, degerleri ve ortalama kalma siiresinin hidrodinamik kalma

siresinden relatif sapma degerleri listelenmistir. Relatif hata f=1 i¢in 4-9 %
civarindayken £ =0.97 icinse yalnizca 1-7 % civarindadir. Asagi yonlii akis olan C
durumunda her iki £ degeri i¢in relatif sapma yukari yonlii akis olan diger

durumlardan daha fazladir. 7 % degerinin altinda olan ortalama kalma siiresindeki
relatif hata baz1 durumlarda kabul edilebilir olmasina ragmen yine de bu yaklasim

g0z ard1 edilecektir.

a degerini belirlemek i¢in ikinci yaklasimda modelin ortalama kalma siiresinin
ortalama hidrodinamik kalma siiresine esit olmasi1 gerekmektedir. Boylece, 7{. =7,

olarak alinir ve Denklem (48)’den asagidaki bagint1 elde edilir,

Ty + 7T, — 7,
o=0q, =2—F "1 (55)
T — T
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Her durum i¢in ¢, 'nin ilgili degerleri Tablo 4.2°de listelenmistir. Biitiin durumlarda

a, ve &, degerlerinde genelde kiigiik farklar vardir.

Sekil 4.6 ve Sekil 4.7 a) ve b)’de PD ve PDD model, niimerik olarak belirlenen RTD
egrileri ile C, Al ve B1 durumlar1 icin karsilastirilmistir. Bu sekillerde golgeli alan

(Tablo 4.1°de verilen Atr,,  degerleri ile) niimerik olarak belirlenmis RTD egrisini

class
temsil ederken cizgiler ise PD model ve PDD modeli iki farkli £ degeri icin gosterir.
Lineer gosterimlerde, C ve Bl durumlar1 icin model egrilerinin tepe noktalar:
niimerik RTD egrilerinden daha asagidadir. Ancak niimerik RTD egrilerinin tepe

noktalar1 Ar, = degerine bagl olarak degisebilir. Bu durum, Sekil 3.2 i¢cin yapilan

class

yorumlarda ac¢iklanmaigstir.

2.0 i DurumC Numerik RTD

—— PD model
—-—-- PDD model =1 K
PDD model p=0.97 |

tref E [

Uieet [

Sekil 4.6: C durumunda niimerik RTD egrilerinin PD model ve =1 ve = 0.97 i¢cin PDD model ile
karsilagtirilmasi
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a) : . T : T . T : T .
1 : Durum A1 Numerik RTD

— PD model
—-—-- PDD model p= 1
--- PDD model p=0.97

6 8 10
et I-]
b O T T T T T T T
) 2.0 ; burum 515 Ntmerik RTD
B —— PD model

—-—-- PDD model p= 1
- -~ PDD model p=0.97

—_
o

tret I-]

Sekil 4.7: Al (a) ve B1 (b) durumlarinda niimerik RTD egrilerinin PD model ve £ =1 ve f=0.97 i¢in
PDD model ile karsilastirilmasi
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Her ii¢ durumda da PDD modelin egrileri PD model egrilerini keser ve yiiksek kalma
siirelerinde daha diiz bir goriintii sergiler. Bu durum yar1 logaritmik gosterimle igteki
grafiklerde daha net goriilmektedir. Sekil 4.6 ve Sekil 4.7 a) ve b), PDD modelin
egiminin ¢/t ; =4 de degistigini gosterir. Daha biiyiik kalma siireleri i¢in egim daha
diiz olur. Sekiller, PDD modelin egiminin 7’nin yiiksek degerlerinde [ degerine
bagli oldugunu gosterir. C ve Al durumlari icin £ =1 daha iyi sonuglar verirken B1
durumu igin £ =0.97 nin daha uygun olabilecegi goriilmektedir. PDD model ile
¢’nin biyiik degerlerinde RTD’nin egimi, Worner et al. (2007)’deki E;, modele
nazaran daha iyi bir yaklasimla ifade edilir. Sonu¢ olarak, Denklem (34)’deki
gecikme zamani ile verilen PDD model ve Denklem (44)’den 0.97< <1 ile
hesaplanan U, hem kii¢iik hem de biiyiik kalma siireleri ve hem yukar1 hem de asag:

es yonlii Taylor akisi icin niimerik RTD’ye iyi bir uyum gostermektedir.

4.2. Coklu Birim Hiicreler icin RTD

Boliim 4.1°de bir birim hiicrenin RTD’si i¢cin PD ve PDD model gelistirildi. Taylor
akis1 bircok birim hiicrenin siralanmasiyla olustugundan, bir birim hiicrenin RTD
modelinin pratik onemi smirhidir. Bu sebeple, biitiin ama¢ »n tane O6zdes birim
hiicreden meydana gelen Taylor akiginin RTD’si i¢in bir model gelistirmektir. Bu
boliimde, bu ¢oklu birim hiicre RTD’sinin bir konvoliisyon prosediirii ile bir birim

hiicre RTD’sinden nereye kadar elde edilebilecegi incelenecektir.

4.2.1. Konvoliisyon prosediiri

RTD, her C, () reaktor giris sinyalini tek bir C,

out

(t) c¢ikis sinyaline aktarma

ozelligine sahiptir. Matematiksel olarak bu transfer konvoliisyon integrali ile

tanimlanir (Bkz. Levenspiel, 1999),

Cou (1) = [ C, (1 =) E(t')t’ (56)
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Denklem (56) sembolik olarak,

C,.=C. *E (57)

seklinde yazilabilir. Burada C_,,E’nin C, ile konvoliisyonudur. Boylece, kanal

out ?

gecisi sirasinda giris sinyali C

out

gibi bir ¢ikis sinyali verecek sekilde modifiye edilir

(Bkz. Sekil 4.8 iist kisim). Bu modifikasyon RTD tarafindan belirlenir.

Co()—  E@® —> C, (0=C,*E

E. yuc(t) _)( Eyc(t) /> E ()= E(n—l)Uc * B

Sekil 4.8: Genel bir durum (iist) ve kabarcik dizisi akiginin bir birim hiicresi (alt) i¢in konvoliisyon
prosediiriiniin sematik gosterimi

Simdi n tane 6zdes birim hiicreden olusan bir kabarcik dizisi akis1 dikkate alinir ve
ilk birim hiicre i¢in giri§ sinyalinin ideal bir Dirac delta sinyali oldugu kabul edilir.
Bu durumda ilk birim hiicrenin ¢ikis sinyali E.(¢) "ye esittir. Bu RTD ikinci birim
hiicre i¢in giris sinyali oldugundan, ikinci birim hiicre i¢in ¢ikis sinyali E . * E .
konvoliisyonu ile bulunur. Konvoliisyon i¢in giris sinyali bir RTD oldugundan, cikis
sinyali de bir RTD’nin 6zelliklerine sahiptir. Bu durum, ikinci birim hiicrenin kalma
stiresi dagilhimi i¢in bir yaklasim olarak degerlendirilebilir, yani E, .= E . * E.
olur. Bu birim hiicrenin RTD’sinin PDD model ile tanimlanabilecegini kabul ederek,

n birim hiicre icin sonug elde edilebilir (Bkz. Sekil 4.8 alt kisim),

Efc(t) = Ef e (0% ESc () = [ EC ue (t=1)EG(£)dr (58)
0



44

Boylece, swralt n tane birim hiicrenin RTD’si (n—1) tane konvoliisyon integralinin

pes pese coziilmesiyle tek bir birim hiicrenin RTD’sinden hesaplanabilir. Takip eden
bolimde bu konvoliisyonlarin sonuglart hem PD model hem de PDD model i¢in

verilecektir.

4.2.2. Coklu birim hucreler icin PD model ve PDD model

4.2.2.1. iki birim hiicre icin RTD

Denklem (58)’i n=2 icin elde etmek amaciyla asagidaki konvoliisyon integrali

¢oziilmelidir,

Sy (1) = Ef ()% Efe (1) = [ ES (6= )ES (£)dr (59)

Bu integral, Ek-B.2.1.1°de gosterildigi gibi

2 2
ol )] 5]
T T T T,
t oo o exp| — —exp| —
Tp =T Ts T T T,

olur. Denklem (60)’da & =1 oldugunda iki birim hiicre i¢in PD modelin RTD’si,

(60)

t

-27 t—271
E, ()= TzDH(t—ZTD)expi— . DJ (61)

S S

4

olur. E,,.(t) ve E;,.(¢t) nin integralleri birdir ve RTD i¢in gerekli kosullar1 saglar

(Bkz. Ek-A.2.1.1. ve Ek-B.2.1.1.).
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Iki birim hiicre icin ortalama kalma siiresi (Bkz. Ek-B.2.1.2.),

The = b = [tES, (Ddt =2[ 7, + oz + (- o)z, | =27 (62)
0

olarak bulunur ve o =1 icin,

Tyue = 2(T, +75) (63)

olur (Bkz. Ek-A.2.1.2.). Iki birim hiicre i¢in boyutsuz zaman,

« t—27 t—27
Oroc =—— D — D (64)

Te 2w +ar+(-a)r, |

ile Denklem (60) asagidaki formda yazilabilir,

ngzuc (0)= TgUCEgUC (0)

2 2
. T o Tu o T T
= ezuc{az{ ZUCJ exp(_ezucﬂj"’(l_a) (ﬁj exp(_ezuc _— ﬂ
Ts Ts s Tp

(65)
. 2 a(l-o v T . T
RSV Cra— (exp[_ezuc 2 j _exp(_ezuc ﬁﬂ
T =T Ts T L Ts Tg
XH (T )
Denklem (65)’de ve baglantili olarak Denklem (64)’de a¢ =1 yazilarak,
2
T T
E;,uc(0) =0, (%j exp (_ezuc %j H(T,,c6,54c) (66)
S S

elde edilir.

Sekil 4.9 a) ve b)’de, iki birim hiicre i¢in konvoliisyon prosediirii ile elde edilen RTD
egrileri niimerik olarak belirlenen RTD egrileri ile karsilastirilmaktadir. A2 ve B2
durumlari i¢in sonuglar hem PD hem de PDD model i¢in iki farkli S degeri ile

gosterilmistir. Sekil 4.9 a) ve b)’deki iki birim hiicre icin RTD modelleri Sekil 4.7 a)
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ve b) ‘deki bir birim hiicre i¢in sonuclarla karsilastirilirsa bariz bir fark goriiniir. Bir
birim hiicre i¢in RTD, <7, i¢in sifirdir, t =7, degerinde maksimum degere ¢ikar
ve t > 7, degerleri icin monotonik olarak sifira dogru azalir. Buna karsin, iki birim
hiicre i¢in RTD, ¢ <7, i¢in sifirdir, bir pik degerine ulasana kadar artar ve sonunda
sifira dogru azalir. Hem bir birim hiicre hem de iki birim hiicre icin PD modelde
RTD’nin pik degeri her zaman PDD modelden daha yiiksektir. Sekil 4.9 a) ve b)
PDD modelin pik degerinin yiiksekliginin £ degerine karst ¢ok hassas oldugunu

gosterir. Daha 0nce, niimerik RTD’nin pik degerlerinin yiiksekliginin Az, degerine

class
kars1 hassas oldugu belirtilmisti. Biitiin durumlarda PDD modelin RTD egrisi, PD
model egrisini keser ve kiiciik ¢ degerlerinde PD modele kiyasla daha diisiik RTD
degerleri verirken biiyiik ¢ degerlerinde daha yiiksek RTD degerleri verir. Bu
davranigtan dolayr PDD model iki birim hiicre i¢in niimerik RTD’nin uzun kuyruk

kisimlarma daha 1yi bir uyum saglar. Niimerik RTD’de A2 durumunda t/¢ =4.3
icin ve B2 durumunda ¢/t =6 icin ikinci bir pik ortaya ¢ikmasi ise ilging bir
durumdur. Sekil 4.9 a) ve b)’de igteki grafikler biiyiik ¢ degerlerinde niimerik RTD
egiminin, A2 durumunda S =1 i¢in ve B2 durumunda £ =0.97 i¢in PDD model
yaklasimiyla iyi bir sekilde ifade edildigini gostermektedir.
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Sekil 4.9: A2 (a) ve B2 (b) durumlarinda niimerik RTD egrilerinin PD model ve £ =1 ve f=0.97 i¢in
PDD model ile karsilagtiriimasi. Dikey kesikli ¢izgi her bir durum i¢in gecikme zamanini gosterir
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4.2.2.2. Uc birim hiicre icin RTD

PD model i¢cin Denklem (58)’e benzer olarak n=3 i¢in asagidaki konvoliisyon

integrali ¢coziilmelidir,

Eyc(t) = By (1) % Eye (1) = [ By (t=1)Ey (£)de’ (67)
0

Bu integral, Ek-A.2.2.1°de gosterildigi gibi

— 2 —
ESUC(t) :l@H(t_3TD)exp£_t 3TDJ (68)
2T (2

olur. E, .(¢) 'nin integrali birdir ve RTD i¢in gerekli kosullar1 saglar.

Ug birim hiicre igin ortalama kalma siiresi (Bkz. Ek-A.2.2.2.),

Tuc ?SUC = .[tESUC (ndt = 3(7, +75) =37y (69)
0

olur. Ug birim hiicre i¢in boyutsuz zaman,

t=37, t=37,

o, . = = 70)
e Tyuc (7, +75) (
ile Denklem (68),
Ee,suc () =75 Esye (1)
(71)

2 (2 S

3
@...) (7 T
= 3UC | exp _@Uc% H(Ty06,c)

formunda yazilabilir.
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Ug birim hiicre i¢in PDD modelin RTD’si cok karmasiktir ve konvoliisyon prosediirii
ile analitik olarak elde edilmesi zorlasir. Bu asamadan sonra konvoliisyon integrali
Laplace doniisiim yontemi kullanilarak c¢oziiliir. Ug birim hiicre icin elde edilen
sonu¢ ve PD model ve PDD modelin niimerik RTD egrileri ile karsilastirilmasi sayfa

110’da Ek-D’nin “4.2.2.2” boliimiinde goriilebilir ve burada tekrarlanmamustir.

4.2.2.3. Genel RTD modeli

PD modelin RTD’si dort birim hiicre i¢in de hesaplanmis ve RTD i¢in gerekli
kosullar1 sagladigi goriilmiistiir (Bkz. Ek-A.2.3.). Bu asamadan sonra her birim hiicre
sayis1 i¢in elde edilen sonuglar dikkatle incelendiginde denklemlerin birbiriyle
baglantis1 ve sistemi anlasilabilmektedir. Ayrica, sayfa 130’da Ek-D’nin “Appendix
C” bolimiinde goriilebilecegi gibi seri sekilde n tane 6zdes birim hiicre i¢in PD

model,

EnUC ()=

1 (t-nty)"" exp{— t—nt,

EETR JH(t—m’D) (72)

TS
denklemi ile ifade edilebilir.

Bu RTD’nin ortalama kalma siiresi,

T =n(7, +75) (73)

olur.

Denklem (25)’de tanimlanan boyutsuz zaman ile, n birim hiicre i¢in PD modelin

RTD’si

ol ( 7.\ T
E, uc (O)=ntycE, ()= e '{n e j exp[_nenuc - jH (nTyc6,0c) (74)
(n=DI 7 75

olarak genel formda yazilabilir.
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Bu n tane art arda 6zdes birim hiicre i¢cin RTD, Denklem (20)’de verilen seri sekilde

n tane art arda 6zdes CSTR’1mn RTD’sine esdegerdir. 7, =0 i¢in 7 . =7 olur ve

boylece Denklem (74), Denklem (20)’ye 6zdes olur.

Sayfa 130’da Ek-D’nin “Appendix C” boliimiinde goriilebilecegi gibi birim hiicre
sayis1 arttikca PDD modelin RTD’si gittikce daha da karmasik hale gelecektir. Bu
sebeple, bu model biiyiik n degerleri icin neredeyse hi¢ kullamigli olmayacaktir.
Boylece, ileriki ¢aligmalarda, RTD’nin kuyruk kismini 1yi bir sekilde ifade eden ve
daha da Onemlisi hem gecikme zamanindan biraz daha biiyikk ¢ degerleri icin
RTD’nin keskin artisini hem de RTD’nin pik degerinin yerini dogru bir sekilde

Ongoren yiiksek birim hiicre sayilari i¢in daha basit modeller gelistirilmelidir.



BOLUM 5. SONUCLAR VE ONERILER

Bu calismada, temel akis parametrelerinden yararlanilarak sivi faz kalma siiresi
dagilimmi 6ngdrmek amaciyla bir analitik model gelistirmek i¢in kare seklinde dikey
bir mini kanalda kabarcik dizisi akisinin dogrudan niimerik simiilasyonlarindan elde
edilen sonuclar kullamlmistir. Bu amag icin seri sekilde bir darbeli akis reaktorii
(PFR) ve bir siirekli karistirilan tank reaktorii (CSTR) igceren bir kompartiman model
ile ifade edilen ve yukari es yonlii akis icin elde edilen Worner, Ghidersa, Onea
(2007)’nin birim hiicre RTD modeli (WGO model) iki bakis agismna gore
gelistirilmistir. 11k olarak pik-diisiim (peak-decay, PD) modelde RTD’nin gecikme
zamani, model hem yukar1 hem de asag1 yonlii kabarcik dizisi akisi i¢in gecerli
olacak sekilde diizenlenmistir. RTD’nin gecikme zamani PFR’nin kalma siiresine
tekabiil etmektedir. Ikinci olarak RTD’nin uzun kuyruk kisimlarini daha iyi ifade
edebilmek icin kompartiman model biraz daha iyilestirilmis ve seri sekilde bir PFR
ve iki paralel CSTR iceren pik-diisiim-diisim (peak-decay-decay, PDD) modeli
dikkate alinmustir. Bu iki CSTR sirasiyla sivi akis ara bolmesi ve sivi film / kose
akis1 bolgelerini temsil etmektedir. Her iki CSTR da farkli ortalama kalma siiresine
sahiptir. RTD en son haliyle farkli egimleri olan iki azalan eksponansiyel terimin
siiper pozisyonunu icerir. Farkli akis sartlarinda, PDD modelin niimerik olarak

belirlenen birim hiicre RTD’yi acik¢a ifade ettigi gosterilmektedir.

Pratik uygulamalarda, birim hiicre RTD’den ziyade bir kabarcik dizisi akis1 veya
sonsuz sayida birim hiicreden olusan Taylor akis1 daha ilgi ¢ekicidir. Bu ¢alismada
seri sekilde »n birim hiicre icin RTD, (rn—1) kath konvoliisyon prosediirii
kullanilarak birim hiicre RTD’den elde edilmistir. PD model i¢in bu konvoliisyonlar
analitik olarak hesaplanabilir ve oldukga basit ve genel bir gosterimle ifade edilebilir.
Ancak PDD modeli i¢in bu konvoliisyonlarin analitik olarak hesaplanmasi gitgide
karmagik bir hal alir ve daha fazla yaklasim yapilmaksizin n>4 icin pratik

kullanimi sinirhdir. Bunun yani sira, n=2 ve n=3 i¢in konvoliisyona dayal1 PD ve
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PDD modelin niimerik olarak belirlenen RTD ile uyumu tatmin edici degildir. Bu
modeller bilhassa RTD’nin pik degerine ulastig1 yerde kalma siiresini dogru olarak
ifade edememektedirler ve bu uyumsuzlugun, n degeri arttikca daha da arttig1
goriilmektedir. Bu durumda ¢oklu birim hiicre i¢in RTD modeli ileriki ¢calismalarda

daha da gelistirilmelidir.

Daha uzun sivi akis ara bolmeleri dikkate almarak niimerik simiilasyonlarin ele
alimmasi ve RTD’nin egimini degistirdigi kalma siiresi degerinde niimerik olarak
belirlenen birim hiicre RTD’de ikinci bir pik goriilmesinin sebebi birim hiicre RTD
ile ilgili olarak gelecekte incelenmesi gereken konulardir. Birim hiicre RTD’nin
Olciilmesi literatiirde mevcut olmamasina karsin coklu birim hiicre i¢cin RTD
modelinin nihai olarak dogrulanmasi amaciyla kullanilabilecek tek bir kanal icin

deneysel veriler bulunmaktadir.
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Ek A PD Model icin integral Hesaplamalar

Bu ekteki ve Ek-B’deki cesitli integralleri belirlemek i¢in, ayrica belirtilmeden,

asagidaki 6zdeslikten yararlanilacaktir.

Iz"‘le_‘"‘/“dz =(n-1)!a"
0

A.1. Bir birim hucre icin hesaplamalar

A.1.1. RTD’nin integrali

Bir birim hiicre i¢in PD modelin integrali:

[Ewcdt=[H(t—7)75 e ™5 de = [ 7] e ™5 dr =7 ™' [e'® dt
0 0

Tp 7p

— _erD/rS [e—t/rs }w — _eTD/Ts [0_6—1[)/15 } — e0 -1

)

I N —tltg |7
oot e [

b

A.1.2. Ortalama kalma suresi

Bir birim hiicre i¢in PD modelin ortalama kalma siiresi:

Tye = thUC (t)dt = th (t—7,)7, e s dr= j try' e s dr =1 e j te”"sdt
0 0

Tp >

—1 1pltg

=7;'e [z’sz (-7 =1e’™ l =—7,e™'s [(tz’s’ "+1)e s :L =—7,e™" [tz’s’ Lo /% 4e7!'% ]
D D

oo

)

B t

_ Tp /7 : —1 17, ~1 —Tp /T —TplTg | _ Tp /7T : _ A T/T —1

=—7,e™" llgtrs e S +0—(ry75 e P )—e SJ——rSe” {lggz- o e P (T, T +1)}
- S

, lim1 , , 1 ,
=—7,e™ | L= ——e T (77T +]) =g e™S | ——e P (1,7 +1) |= 1, + 7
lime™* ‘ o0

L 1>




A.1.3. Tek bir birim hicre icin varyans

Bir birim hiicre i¢in PD modelin varyansi:

oo oo

St = [ (t=Toe) Eye (0t = [ (1= (2, + 7)) H(t=17,)75" '™ dt
0 0

Denklemde z =t—17, i¢in dz =dr olarak yerine konulursa varyans elde edilir,

G%JC :I(t— (TD +’[S))2H(t_TD)TS—l e*(t—TD)/TS dt= I (Z_TS )2H(Z)Ts—l e’Z/TS dZ
0

—Tp

=7 I(Z2 -277,+70)e S dz =1} {[(z2 e v -2rze B le )dz}
0 0

=75 {[(—zzrs —227; =275 )" }: -27, [zﬁ (—z75 =1)e ™ ]: +7, [_Ts o/ ]:}
=7 {[(—lim(zzrs e ") —limQzzse ™ )) +217 }

127 limzz; e -1 |- 5 [o-1]

lim27;
:T: {2753—111’11 2ZTS __ 750 S/TSJ+2T53£hm i —IJ'FTS

z/ : -1 .z z/
—erle’S  limzg e o e
7300

I lim2z, o2 lim1
=7'|| 275 ——== e el S A

: -2 2/ : z/
limz;"e”™ o lime™™
Z—

70

I 2
=7;'|| 273 —iJ+2r§(0—l)+r§}=rsl(2r§ —200 475 )=13

(o o]




60

A.2. Coklu birim hucreler icin hesaplamalar
A.2.1. iki birim hiicre icin hesaplamalar
A.2.1.1. iki birim hiicre icin konvoliisyon integrali

Iki birim hiicre icin PD modelin konvoliisyon integrali:

Eyue (1) = Eyo ()% Eye (6) = [ Eye (6= 1) Eye (£)dF

Bu integral asagidaki sekilde yazilir:

t
Eyyo ()= [H(t =1 =7,)75 e % H(t'—7,)z5" e "' dr
0

H(t—t -1, )H (' —1,)7 e 7S dt’

o — ~

t
=7, e PV [H(t—1 ~ 0, ) H (£ ~7,)df
0

Bu integrali iki Heaviside adim fonksiyonu ile hesaplamak i¢in u=1—7, igin

du = dt” olarak denklemde yerine konulursa,

I=[H(@—r' -t )H({ ~1,)d = | Ht—u=22,)Hw)du= [ H(t—u-2z,)du
0 ~Tp 0

daha sonra burada da w=-u+1—27, i¢in dw=—du yerine konularak

t—1p —Tp =27 =27
I= [ Hit-u=2z)du=— [ Hwydw= [ Hwdw= [ H(w)dw
0 =21 ~Tp 0
t=27p 5

=H(t-27,) [ dw=H@-2z,)[w],"™ =(t-27,)H(1-27,)

0

elde edilir. Boylece,

E, e H=H(- 2TD)(I - 2TD)TS_2 e =2/



olur. E, .(¢) 'nin integrali asagida verilmistir,

[Euc)de = [ H(t=27,)(t =27,)257 ¢ dr
0 0

z =t—27, denklemde yerine yazilir,

)

j E,,.()dt = j H(t—21,)(t—21,)75 e 25 dr = j H(z)zri e "™ dz
0 0

=27y

)

= fgzjze’z”s dz=1;" [z‘sz(—zfs“ —l)e‘z”S]
0

= —[(zfs_' +1)e s J:

o
0

=—[zrg' e e | = —limzzy e Y- 0+0+1
7>

lim1
— : < — 00 _ 1 —
_l_lgg z/7g =1- . Zltg -—=1
o=Toe lime oo
700

A.2.1.2. ki birim hiicre icin ortalama kalma siiresi

Iki birim hiicre i¢in ortalama kalma siiresi:

Ly = I tE, - (t)dt = j tH (t =27, )(t —27,)75 e "5 dt
0 0

z =t—27, denklemde yerine yazilir,

fue = [ Epue (0t = [tH (1= 22,)(t = 22,)75 7% dt
0 0

[ (z+2e)H (225 7™ dz

=27y

I(z +27,)z775°e B dz
0
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A.2.2. Uc birim hiicre icin hesaplamalar
A.2.2.1. Ug birim hiicre icin konvoliisyon integrali

Ug birim hiicre icin PD modelin konvoliisyon integrali:

Eyyc(t) = By (1) % By (6) = [ By (t=1)Ey (£)de’

Bu integral asagidaki sekilde yazilir,
t g ’

Eye() = [ H(t—=1'=25,)(t—1' = 22,)77 ¢ %% H(&'— )75 ™ df
0

t
:'[H(l‘—t’_ZTD)H(t/_TD)(I_t/_ZTD)TS—S e—(f—SrD)/rS dt/
0

t
=72e S N (- = 2c YH(t—t' =27 ) H (' —7,)dt’
S D D D

0

Bu integrali iki Heaviside adim fonksiyonu ile hesaplamak i¢in u=1—7, igin
du = dt’ olarak denklemde yerine konulursa,

I=[(=1=22)H(t=t'=20,)H(t' ~7,)df' = [ (t=u=32,)H (t—u—37,)H(u)du
0 —Tp
= [ (t—u=32,)H(t—u—3t,)du

0



daha sonra burada da w=-u+t—-37, i¢cin dw=—du yerine konularak

t—Tp 27 t=37p,
[ ¢—u=3e)H(t—u=3e,)du== [ wH(wdw= [ wH(w)dw

0 t=37p —27p

~
Il

=37 =37 5 7t-3%
.[ wH (w)dw = H (t - 37},) .[ wdw = H (t —37,) {w?}
0 0

0

=%(t—3TD)2H(t—3TD)

elde edilir. Boylece,

Eye ()= %H(f —30,)(t—37,) 75 e )

olur. E. . (#) nin integrali asagida verilmistir,

oo

.[Ezuc (Hdr = I%H(I —37,)(t —3TD)ZTS‘3 e 3% gy
0

0

z =t—37, denklemde yerine yazilir,

oo

[Eehdr=] %H(t—3TD)(t—3TD)ZTS_3 e dr= | %H(z)zzrf e 5 dz
0

0 =37

| 1 ez ]
:ETS3IZ26 s dz=51'53[(—z21's —2zTSZ—2‘L'§’)e /S]O

0
1 _ B B B oo
:ETSS [_szs e Z/TS—ZZTSZ e z/rs_z,z_s e 717 l)

7.
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I 1 lim 27, 272 1 )
.[E3Uc(t)dt:§1's{27§— mm 5 s :ETS_3 ng_ﬁ 1
0

: -2 . z/
limz " e”® oo

—o0

A.2.2.2. Ug birim hiicre icin ortalama kalma siiresi

Ug birim hiicre i¢in ortalama kalma siiresi:

fue = [tEqc(de = | I%H(t —3¢,)(t—37,)° 7 e T
0 0

z =t—37, denklemde yerine yazilir,

~
|

uc = j tE, - (t)dt = j t% H(t—37,)(t—37,) 7, e "™/% dr
0 0

- B - B}
.[ 5(Z+3TD)H(Z)ZZTS_3C_“/S dZZETs3J(Z+3TD)ZZe “% dz
37, 0

D

1 . —
:_TS3 [Z3C “/TS+3TDZ26 “/Ts]dz

_1 -3 3 el |” T 2 —z/7g
_ETS {l:—rsz e —[—3TS.([Z e "“du

+37, [(—ZZTS —2z75 =273 )e " ]:}

S 38

[\

:%Tﬁ (675 +37,273 ) =3(7 +7;,)

A.2.3. Dort birim hiicre icin hesaplamalar

Dort birim hiicre i¢in konvoliisyon integrali:

E e (1) = Eyyc (0% Eye (1) = [ By (t=1)E (£)dt’

64



Bu integral asagidaki sekilde yazilir,

H(l‘—t’_3TD)H(t/_TD)(t_t/_3TD)ZTS—4 e—(t—4z'D)/rS dt/

t
=~ e S [ (=1 =37,) H(t—1 =37, ) H (£ = 7,)dt’
0

Denklemde u =¢"—7, i¢in du =dt" olarak yerine konulursa,

I=[(t=t'=30,) Ht—t =32, H({' ~7,)d¢
0

= [ (t—u—47, Y H(t—u—47,)H)du = [ (t—u—47,)" H(t—u—47,)du

-Tp 0

daha sonra burada da w=-u+t—47, i¢cin dw=—du yerine konularak

t—7p -37p 141
I= [ (t-u-45,)Hi-u-4z,)du=— [ wHwdw= [ wH(w)dw
0 t=41, =37

-4y =41y 3 =47
= j w?H (w)dw = H (t —47,) j wzdw:H(;_4z-D){w?}
0

0

=%(t—4rD)3H(t—4rD)

elde edilir. Boylece,

1 —(t—4T, T
E4Uc(t):g(t—4TD)3H(t—4TD)TS‘4€ (147575

olur. E, - (¢) 'nin integrali asagida verilmistir,

.[E4UC (n)dt = Ié (t—4r, Y H(t— 4TD)T§4 e 4T)/% 4y
0 0
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z =t—47, denklemde yerine yazilir,

° 3! |
[Eucdi = [ <-4z Hu -4z )z e 0" di= [ —H()2'5" e " da
0 0

:—TS_4

—41p

oo

_ 1 _
Iz3e 7/7g dz :_TS—4 —TSZ3C 7/7g
0 6

oo

. _(_3TSJ.Z2 e—z/‘rs dl/l):|
0

[ 3 -2z e N T 3ZZTS 4
lim(z,z e ") +0—(=37,27,") —gTS lim——=+ 67

7300 ez/z'S

lim 67,
_lim %% +6TS4}:lTS‘4 {—L+6TS4}
6

-1 _z/ . = 2/
e g et limz, > e
700




Ek B PDD Model icin integral Hesaplamalar
B.1. Bir birim hiicre i¢cin hesaplamalar
B.1.1. PDD modelin integrali

PDD modelin integrali:

[EScdt=[H(-7) ]z e ™S+ (-a)r, " e |dr
0 0

oo

= [[az e ™ B+ e |t
™
—arg' ™S [N di+(1-a)r, ™' [T dt

b gy

oo

— OJTS_I erD/rS [_TS e—:‘/z’S ]TD +(1—a)TF_1 erD/rF [_TF e—t/rF}

b

=—qe™'s [O—e”D/’S]—(l—a)e’D/’F [O—e”D/’F] —a+(1-a)=1

B.1.2. Ortalama kalma siiresi

Tek bir birim hiicre i¢in PDD modelin ortalama kalma siiresi:

T = 1B ()de = [tH (t—7) [ @z e S+ (- )z e |t
0 0
Denklemde z =t—17, i¢in dz =dr olarak yerine konulursa,

T = [tH (-7 oz ™S+ (—a)r e dr
0

= .[ (Z+TD)H(Z)':Q'TS_1 C_Z/Ts'i‘(l_a')fl;l e—z/TF]dZ

-Tp
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e =[G+ an' e B +-a)nt e [dz
0

=1, [[ ez e B+ (- e [de+ [[ arg'ze B+ (- ze T |dz
0 0

=7, | @zt + (- )77, [+ 0t + (- )7 'z}

=T, +ats+(1-a)7;

B.1.3. Varyans

PDD modelin bir birim hiicre i¢in varyansi asagidaki sekilde hesaplanir,

oo

GiUC = I(t _?U%)ZESC (t)dt

0

= [[t=(zp +az+ (-0, )V HG- ) arg e T R (l— g e (dt
0

Denklemde z =t—17, i¢in dz =dr olarak yerine konulursa varyans elde edilir,

oo

oL = [[1-(ro +at+ (- [ Ht—1)[ rs € 5+ (1—ayz;! e Jdr
0

oo

B j[ _(ms+(1_0’)TF)]2H(Z)[0’T§I e (- e Wz

—Tp

[z -2z(ary+ (-7, )+ (afs+(1_a)TF)2}[a,Tsl e +(l-a)r'e ”’F]dz

[Q'TS e z/TS+(1 a)T Z e z/rF]dZ

|
|

_Z[QTS +(1_a)TF],[[a'T§1ZC_Z/TS +(1_a)T;1Ze—z/rF ]dZ
0

+[aTS +(1—Q)TF]2 j[a'fs_l e—z/fs +(1_a),z.l;1 e—z/z’F }dZ
0



Buradan,
Gi{UC = .[[aTS_IZZ e—Z/TS + (1_a),z.;1z2 e_Z/TF ]dz
0
—2[aTS + (1 - a)TF] j[aTS_IZ e—z/‘rs + (1 _ a)TI;IZC_Z/TF ]dZ
0

+ [m's +(1-a)7; ]2 .[[Q'TS_I e % 4 (1- CL’)T; oY ]dz
0

= oy 20+ (- )7, 20} -2 ez + (I- )t )| @75 + (1- @)

+laz, +1-a)z, ] [m's“rs +(1- a)r;lrF}

ve sadelestirmeden sonra,

o2pe =207 +2(1- )72 —[ary +(1-a)7, ]

elde edilir.

B.2. Coklu birim hiicreler icin hesaplamalar
B.2.1. iki birim hiicre icin hesaplamalar

B.2.1.1. iki birim hiicre icin konvoliisyon integrali

Iki birim hiicre icin PDD modelin konvoliisyon integrali:

ES (1) = Efc ()% Efe(t) = [ ES (6= )ES (£)dr
0

Bu integral asagidaki sekilde yazilir,

t
ES ()= j H(t—t' —1,) [a'z's’l e TS L (l—a)r e T ]
0

XH( =7)[ oz e (- ayg e Jdr

T.'1s

d
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t
E} (1) = .[H(t N (N [CZZTS_Z e 2% (] = a,)zz_gz o (=28 )%
0

+CL’(1—C¥)TS_IT;1 (e—(t'—TD)/TS—(t—t'—TD )/‘L'F+e—(t—t'—z'D)/z'S—(t'—z’D)/‘L’F )J dr’

Denklemde u =¢"—7, i¢in du =dt" olarak yerine konulursa,

1=7p
Ejyc ()= j H(t—u-27,)H (u) [Q'ZTS_Z e s L (1— @) 1t e

—7p

+a(l- a,)TS—ITI;I (e—u/‘rs—(t—u—ZTD o e—(t—u—ZTD)/TS—u/rF )}du

1=7p

= .[ H(t—u-2t,) [ o> Ts_z e (=2m)/% (1- a,)z ng e~ (-2%0)/%
0

+ a'(l - C()TS_IT; (e_“/fs_('_“_ZTD ) Tg + e—(t—u—ZrD)/rs—u/rF ):| du

daha sonra burada w=-u+t—-27, i¢in dw=—du yerine konularak

—7p

Ech (t)=- .[ H(w) [CL’ZTS_Z e 2™/ (1- a)z 71;2 e (72T

=21y

+ a(l _ a)TS—lTI;I (e—(t—w—ZTD)/TS—w/TF + e—w/‘rs—(t—w—Z‘rD ) T ):| dW

=21,
= .[ H(W) [Q'ZTS_Z e—(t—ZTD )T + (1 _ CL’)ZTEZ e—(t—Zz'D ) TR

—Tp

+ a(l _ a)TS_ITI;I (e—(t—w—Z‘L'D)/TS—w/TF + e—w/‘rs—(t—w—Z‘rD ) Tg ):| dw

t-21p

= .[ H(W) [Q'ZTS_Z e—(t—ZTD )Ty + (l_a,)zz_l;z e—(t—Zz'D ) TR
0

+ a(l _ a)TS_ITI;I (e—(t—w—ZTD)/TS—w/TF + e—w/‘rs—(t—w—Z‘rD ) Tg ):| dw

=21y,

=H(t-21,) .[ [CZZTS_Z e (2m)/Ts (- a,)zz.gz o (=28 )% ] dw
0

1

=21y

+H(t _ 2TD) .[ 0((1— a)TS—ITI;I (e—(t—ZrD ) Tg+wlTg—wl T + e—(t—ZrD)/rF—w/rS+w/rF )dW
0

I
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[Ik integral,
_ 22 —(t-21p)I7, 2 2 —(t-21p)I7 1=-27p
L=t e (- e [w])

=(t— ZTD) [CZZTS_Z e—(t—ZTD e 4 (1- a,)zz_gz e—(t—ZTD Wtg }

ve ikinci integral,

=21
12 — a(l—a)TS_IT; .[ (e—(t—ZrD )/Ts*'W/Ts—W/TF_i_e—(f—ZTD)/TF—W/Ts*'W/TF )dW
0

_ ~1_-1 —1 —1IN—1 _—(t-27p)/ 75 +w/Tg—w/T, —1 —1\—1 _—(t=27p)/ T —W/Tg+W/T, 1=21p
=a(l-a)5; 't [ (5! =) e VBRI (g gy e |

t=27p

- a(l _ Q')TS_ITI;I (Ts_l _ T];l )—1 [e—(t—ZrD)/rs+w/z's—w/rF _ e—(t—ZrD)/rF—w/rSﬂv/rF]

0
=a(l-o)7,'t.' (7' - ;")

X[e—(t—ZrD MTs+(1=27p ) 75— (1-27p) T _ e—(t—ZrD M Tp—(1=27p ) 75 +(1=27p )/ Te _ e—(t—ZrD )g + e—(t—ZrD ) Tg ]

— a(l— a)TS—ITEI(TS—I _Tl;l)—l [e—(t—zrD)/rF _e—(t—ZTD)/TS _e—(t—ZTD)/TS + e—(t—Zz'D)/z'F]

— 2&'(1 _ a)rs‘lrgl (TS—I _ T];l )—1 [e—(t—ZTD)/‘rF _ e—(t—ZTD ) g ]

olarak bulunur. Boylece,

E}(t)=H(t-21,) {(t -27,) [0’275_2 e IR (- )2 e ) ]
+ 2&’(1 — O‘)TS_ITEI (TS—I . Tgl )—1 [e—(t—zr[, Wt e_(t_ZTD)/TS ]}
elde edilir. EJ . (¢) 'nin integrali:

j E% (1)dr = j H(t-21,){(t-27,)[ @77 e 7 5 (1— )5 e |
0 0

+2a(1- a,)Ts—lz_l;l(Ts—l _ T;l )—1 [e—(t—zrD)/rF _ e—(t—ZTD )T ]} dr
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Denklemde z =t—27, yerine yazilarak,

TE;XUC(I)CII: j H(Z){ [a TSZ —2/15+(1 a,)z ) z/rF]

—27p

+2a(1-2)7,'5 (5 -7 ) [T - }dz

oo

H[a lze S+ (1-a)’ 1 ze ”’F}
0

+20(1-a)7; 5 (5 -7 ) [T - }dz

=| @i + (- rn [+ 2a(- )7 ' (1) -0 (2, — )
=[ @ +(-a) |+200-0)7'7; (55 -7.) ' (7.~ 75)

=(& +1-20+a )+ 20(1-a)(75' —7.) (257, 7 — 757575

=1-2a+2¢" +2a(1-a)(7;' - 7. ) (5 = 7.")

=1-2a+2a* +2a(l-a)=1

B.2.1.2. Ortalama kalma siiresi

Iki birim hiicre i¢in PDD modelin ortalama kalma siiresi:

Lo = j tES (t)dt = j tH (1= 22,){(t-27,) [ @’ e 7P S 4 (1— @)’ e |

+20(1- )7, T (7 = 1) [ e s Ty

z =t—27, denklemde yerine yazilir,

2UC .[ (z+27, )H(Z){ [a TSZ —Z/TS+(1 a,)z ) —Z/TF]

=27y

+a(-a)r't (5 - 7)™ [e‘“ g E ]} dz

= [{[@'r2 (@ + 20,00 5+ (1-2)' 12 (27 + 27,2) e/ |

S ey 3

+2a(1-a)r;'t; (rg' — 7)™ [(z +27,)e = (2 +21,)e " }} dz



Lo =’ 2r, +21,r0 )+ (- @) 1 (21, +27,77)

Ra(l-a)r't. (7' — . (7} + 21,7, — 7 —27,7)
=207 (7, + 7))+ 2(1— @)’ (1, + 7,)
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Abstract

Bubble train flow (or Taylor flow) is a common flow pattern in gas-liquid flows through narrow
channels. It consists of a sequence of elongated bubbles that fill almost the entire channel cross
section, travel with similar axial velocity and are separated by liquid slugs. Bubble train flow is of
practical importance, e.g. for micro bubble columns and multiphase monolith reactors. For both
devices, the knowledge of the liquid phase residence time distribution (RTD) is of great importance
since the RTD provides information about the flow and mixing behaviour of reaction components and

thus determines the yield and selectivity of the chemical reactor.

In the present study, the liquid phase RTD in laminar bubble train flow through a square mini-
channel driven by a pressure gradient and buoyancy is evaluated from numerical simulations. The
simulations with the volume-of-fluid method consider perfect bubble train flow where the
hydrodynamics is fully described by a single unit cell consisting of one bubble and one liquid slug.
The numerically evaluated unit cell RTD is approximated by an analytical model which has been
proposed recently but is improved here to be valid for both co-current upward and co-current

downward flow. The model RTD for 7 identical unit cells in series is obtained from the unit cell
RTD model by an (n—1)-fold convolution procedure. While the model developed reasonably fits the

numerically evaluated RTD curve of a single unit cell for different flow conditions, the agreement of
the convolution-based model for multiple unit cells is less satisfactory and should be improved in

future.

Keywords: Residence time distribution; Bubble train flow; Two-phase flow; Convolution
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1. Introduction

Segmented gas-liquid flow is a common two-phase flow pattern in narrow channels. It is also denoted
as Taylor flow or bubble train flow (BTF) and consists of a sequence of elongated bubbles which fill
almost the entire channel cross section (Taylor bubbles). The individual bubbles move along the
channel while they are separated by liquid slugs. Bubble train flow is of technical relevance, e.g. for
miniaturized multiphase reactors (Jahnisch et al., 2000; Burns & Ramshaw, 2001; Giinther et al.,
2004, Haverkamp et al., 2006) and for multiphase monolith reactors (Roy et al., 2004; Kreutzer et al.,
2005b, Bauer et al., 2005). While in an industrial scale monolith reactors with Taylor flow are
nowadays only used for production of HO, (Edvinson Albers et al., 2001) they are finding increasing
interest for potential use for Fischer-Tropsch synthesis (De Deugd et al., 2003; Bradford et al., 2005;
Giittel et al., 2008, Liu et al., 2009).

In practical Taylor flow, the length of the liquid slugs and the size of individual bubbles underlies
variations. The variation of the bubble size results in a variation of the translational velocity of
individual bubbles. This may lead to coalescence and thus a further change of the bubble size and slug
length distribution. A useful abstraction of real bubble train flow is perfect bubble train flow, where
the bubbles are assumed to have identical size, shape and velocity and where the length of all liquid
slugs is the same. Then, the hydrodynamics of BTF is fully described by a unit cell (UC) which

consists of one bubble and one liquid slug.

An important characteristic of any chemical reactor is its residence time distribution (RTD), since
the RTD provides information about the flow and mixing behaviour of reaction components
(Levenspiel, 1999; Martin, 2000; Nauman, 2008). The knowledge of the RTD and the kinetics of the
chemical reaction is the basis for the design of any chemical reactor since both determine the yield
and selectivity of the reactor. This gives the motivation to develop simple but yet reliable models that
are able to predict the RTD in bubble train flow from fluid properties and known integral flow
parameters such as the superficial velocities of the phases. Of major interest is the RTD of the
continuous liquid phase, since the variation of the residence time of the gas phase is small and its
mean value can be computed by dividing the length of the channel by the bubble velocity. Desirable is

plug flow behaviour of liquid phase with a narrow RTD.

For the design and optimization of micro-structured reactors for process intensification,
therefore, the ability to reliably predict the RTD is of great importance. Sun et al. (2008) recently
investigated the influence of the RTD on the synthesis of biodiesel in capillary micro-reactors
operated in Taylor flow. They found that the RTD in the micro-channel reactor was remarkably
decreased compared to that needed in batch systems to obtain a high yield under the same reaction
conditions. However, the RTD in the micro-reactors had to be controlled to avoid the saponification of
the biodiesel. Though this example demonstrates the practical importance of the RTD, there are,
unfortunately, only very few experimental data on the liquid phase RTD available in literature for

multiphase micro-structured reactors such as monolith reactors. This may be attributed on one hand to
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the difficulties of performing local measurements of the RTD in narrow channels and on the other
hand to the only recently increasing interest in this topic. As a consequence, reliable and validated
general models for the RTD of micro-structured reactors are missing. This is in particular true for
channels of non-circular cross-section, which are quite common in monoliths and other micro-
structured reactors. In rectangular channels, the film thickness at the circumference of the bubble is
not constant. As a consequence there exist so-called corner flow which makes the application of RTD

models for circular channels invalid and requires the development of refined models.

In experiments, the residence time distribution is often measured by a stimulus-response
technique, where a specific quantity of tracer (e.g. fluorescent substance, radionuclide, solution of salt,
etc.) is introduced at the system inlet as a short duration pulse or a step function and where the time
variation of the tracer concentration at the outlet is recorded. The tracer particles injected at the inlet
are assumed to follow the same paths through the system as did the original fluid particles they
replaced. Thus, the tracer particles will have the same distribution of residence times as the original
fluid particles. By recording the times when particles leave, a histogram can be constructed which,
with a large sampling size, will converge to the differential residence time distribution function. The
extension of this approach for single-phase flow to gas-liquid two-phase flow presents no special
difficulties. The main difference is that the system has now usually two inlets (one for the gas phase
and one for the liquid phase), while there is still one common outlet. To measure the residence time

distribution of the liquid phase in a gas-liquid flow, the tracer pulse is injected at the liquid inlet only.

The stimulus-response measurement technique is well suited for macro-reactors, where the
reactor volume is much larger than the volume of the tracer measuring unit. However, for micro-
structured reactors the reactor volume is usually smaller than the volume of the measuring unit. This
means that the residence time response of the tracer may already be influenced by the measuring
construction itself. Measurements of liquid phase RTD for two-phase flow through narrow channels
are reported by Thulasidas et al. (1999) for bubble-train flow in single straight channels (using a
conductimetric technique), by Patrick et al. (1995) for a monolith froth reactor (measuring the tracer
concentration at the outlet with a spectrophotometer), by Heibel et al. (2005) for film flow in a
monolith reactor (using a dye tracer and a micro spectrometer), by Yawalkar et al. (2005) and
Kreutzer et al. (2005a) for bubble-train flow in a monolith reactor (using a dye tracer and
spectroscopy), by Bakker et al. (2005) for a novel ‘open wall’ monolith reactor, by Kulkarni et al.
(2005) for Taylor flow in a monolith reactor (using a KCI tracer solution and a conductivity probe),
and by Giinther et al. (2004) and Trachsel et al. (2005) for bubble-train flow in micro-fluidic channel
networks of rectangular cross-section (using a fluorescently labelled tracer pulse and a florescence
microscope). The latter authors showed that the residence time distribution of bubble-train flow is
very narrow as compared to single phase flow, which is a distinct advantage. Just recently, Lohse et
al. (2008) presented a novel method for determining the RTD in an intricately structured micro-

reactor, which employs a tracer ‘injection’ using the optical activation of a caged fluorescent dye.

An alternative way to determine the RTD is by means of computational fluid dynamics (CFD).

There exist in principle two options to determine the residence time distribution from CFD methods.
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The first one is the numerical simulation of the stimulus-response experiment, i.e. setting a short
concentration pulse at the inlet of the computational domain, computing the unsteady concentration
field of the tracer within the computational domain and evaluating it at the outlet. This approach has
been used in a modified form by Salman et al. (2005, 2007) to determine the reactor residence time for
Taylor flow in a circular micro-channel from the residence time distribution of a single unit cell by
using a convolution procedure. The second possibility is the particle tracking method. Here, virtual
particles are released at the inlet and their trajectories are computed from the known velocity field of
the CFD calculation. A notable difference between the two methods is that in the particle method
convective properties of the flow are only monitored, while by evaluation of the unsteady
concentration field diffusive transport is additionally taken into account. The relative importance of

convective and diffusive transport is characterized by the Bodenstein number. For bubble-train flow, it

can be defined as Bo=UyD, /D,

tracer ’

where U, is the bubble velocity, D, is the hydraulic

diameter of the channel and B, . is the molecular diffusion coefficient of the tracer in the liquid

phase. For a particle method, no diffusion of the tracer is taken into account. The RTD obtained by a

particle method is therefore representative for an infinite value of the Bodenstein number.

To predict the residence time distribution for Taylor flow, Salman et al. (2004) developed a
numerical model valid for low values of the Bodenstein number. This model does not take into
account the direction of gravity and assumes well mixed liquid slugs of uniform concentration and

liquid films around the bubble that can be adequately described by a one-dimensional convection-

diffusion equation. For large values of the Bodenstein number (Bo >10) the model can be
simplified to yield an analytical solution which corresponds to the representation of a unit cell by a
tank-in-series model, consisting of a plug flow reactor (PFR) and a continuous stirred tank reactor
(CSTR). In a more recent paper Salman et al. (2007) numerically evaluated RTDs for a wide range of
Bodenstein numbers (respectively Peclet numbers) and compared it with predictions from three
literature models (CSTR-PFR model, two-region model of Pedersen & Horvath (1981), and the model
of Thulasidas et al. (1999). They found that the shape of the RTD and the performance of the different

models depend very much on the value of the parameter U,d, /D,

ooy Where dg  is the

thickness of the liquid film between the gas bubble and the channel wall.

Recently, Worner et al. (2007) developed an original CFD-based method for evaluating the liquid
phase residence time distribution of bubble-train flow using data from direct numerical simulations
(DNS). The numerical simulations are performed for perfect bubble-train flow. The method developed
for evaluation of the RTD is a particle method and relies on the uniform introduction of virtual
particles in the volume occupied by the liquid phase within a single flow unit cell. The residence time
distribution is obtained by statistical evaluation of the time needed by virtual particles to travel an
axial distance equivalent to the length of the unit cell, and by an appropriate weighting procedure
which takes into account the axial velocity at the particles initial position. Residence time curves have
been evaluated from DNS data of co-current upward bubble-train flow in a square mini-channel of 2

mm X 2 mm cross section for values of the capillary number in the range
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Ca=Uyu, 10=0.2-0.25, where 4, is the liquid viscosity and O is the coefficient of surface

tension. The RTD curves obtained can well be fitted by a simple exponential relationship, which has
been developed on the basis of a compartment model consisting of two tanks in series, the first tank
being a plug flow reactor and the second being a continuous stirred tank reactor. This model may be
considered as generalization of the model of Salman et al. (2004) which was developed for circular

channels, but cannot be applied reliably for square channels because of the corner flow.

Both, the model of Salman et al. (2004) and that of Worner et al. (2007) are for the RTD of a unit
cell. In practice, a single channel with bubble-train flow will contain tens or hundreds of unit cells
depending on the length of the unit cell and the length of the channel. Salman et al. (2007) computed
the residence time of the capillary from the residence time of the unit cell by means of a convolution
method. Usually, a micro-structured reactor consists of a large number of parallel channels. If the flow
is evenly distributed across the different channels, then the RTD of the reactor is equal to that of a
single channel. However, in practice the flow rates through the different channels of the monolith
reactor differ (Mantle et al., 2002), so that it is necessary to take this maldistribution effect into

account when estimating the reactor RTD from the single channel RTD.

The goal of the present report is twofold. First, we want to refine the unit cell RTD model of
Worner, Ghidersa, Onea (2007) (the WGO model) for co-current upward bubble train flow and
develop a more general unit cell RTD model which is also valid for co-current downward bubble train
flow. Second, we want to develop a procedure that allows to predict the RTD for an arbitrary number
of unit cells in perfect bubble train flow, i.e. the RTD of a single channel, from the RTD of the unit

cell. In this report we investigate in how far this can be done by a convolution procedure.

This report is organized as follows. In section 2 we introduce some fundamentals and definitions
of RTD theory. In section 3 we discuss issues related to the numerical simulation of bubble train flow
and the evaluation of the RTD. Section 4 is devoted to the modelling of the RTD for bubble train
flow. The focus in subsection 4.1 is on the development of a refined unit cell model while it is on

multiple unit cells in subsection 4.2. In section 5 we present the conclusions.
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2. Fundamentals of residence time theory

In this section we give a short introduction into fundamentals and definitions related to the
concept of residence time distribution. Some passages in this section are adopted from the English
Wikipedia page for “residence time distribution”. For further details we refer to text books, e.g. Fogler

(1986) and Levenspiel (1999).

2.1. The residence time distribution

The residence time distribution (RTD) of a chemical reactor is a probability distribution function

that describes the amount of time that fluid elements spend inside the reactor. The distribution of
residence times is represented by an exit age distribution, E(f). The function E(#) has unit of time™

and underlies the restriction

j E(f)dt =1 1)
0

The fraction of the fluid that spends a given duration, #, inside the reactor is given by E(¢)dt, while

the fraction of fluid that leaves the reactor with an age less than f, is

j E(r)dt 2
0

The mean or average residence time is given by the first moment of the age distribution

t-E(t)dt 3)

|
1l
O ey 8

If there are no dead or stagnant zones within the reactor then ¢ will be equal to the mean

hydrodynamic residence time 7, , which is the residence time calculated from the total reactor volume

V' and the volumetric flow rate Q of the fluid

Vv
T, =— “)

Q

The second central moment indicates the variance of the RTD and is given by

ol = j (t—1)2E(t)dt 5)
0
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The variance represents the square of the spread of the distribution as it passes the vessel exit and has
units of (time)®. It is particularly useful for matching experimental curves to one of a family of

theoretical curves (Levenspiel, 1999).

2.2. Measurement of the RTD

Residence time distributions are measured by introducing a non-reactive tracer into the system at
the inlet. The concentration of the tracer is changed according to a known function and the response is
found by measuring the concentration of the tracer at the outlet. The selected tracer should not modify
the physical characteristics of the fluid (equal density, equal viscosity) and the introduction of the
tracer should not modify the hydrodynamic conditions. In general, the change in tracer concentration

will either be a pulse or a step. Other functions are possible, but they require additional calculations to

de-convolute the RTD curve, E(t).

The pulse method requires the introduction of a very small volume of concentrated tracer at the
inlet of the reactor, such that it approaches the Dirac delta function. Although an infinitely short
injection cannot be produced, it can be made much smaller than the mean residence time of the vessel.

In the pulse method the RTD curve can be computed from the measured time dependent tracer

concentration C(?) at the reactor outlet by the relation

E@=-CS0_ ©

j C(t)dt

In the step method the concentration of tracer at the reactor inlet is changed abruptly from O to

Co . The concentration of tracer at the outlet is normalized to obtain the non-dimensional curve

F(t)=—2 (7
() C

which increases monotonically from O to 1. The value of the mean residence time and the variance can

also be deduced from the function F'(¢) by relations

?th-[l—F(I)]dt (8)
0

o’ =2[t[I-F(n)]dt-7" ©)
0
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The step- and pulse-responses of a reactor are related by

F()=[E@)dt (10)
0
respectively
E(t) = @ (11)
dr

A step experiment is often easier to perform than a pulse experiment, but it tends to smooth over some
of the details that a pulse response could show. It is easy to numerically integrate an experimental
pulse response to obtain a very high-quality estimate of the step response, but the reverse is not the

case because any noise in the concentration measurement will be amplified by numeric differentiation.

2.3. RTD of ideal reactors

The residence time distribution of a reactor can be used to compare its behavior to that of two
ideal reactor models: the plug-flow reactor (PFR) and the continuous stirred-tank reactor (CSTR). In

an ideal PFR there is no mixing and the fluid elements leave in the same order they arrived. Therefore,

fluid entering the reactor at time ¢ will exit the reactor at time f + Tppe , Where Tppe = fppg is the

FR
mean residence time of the plug-flow reactor. The residence time distribution function is therefore a

Dirac delta function

E@)=0(1—Tpy ) (12)

The variance of an ideal plug-flow reactor is zero.

An ideal CSTR is based on the assumption that the flow at the inlet is completely and instantly
mixed into the bulk of the reactor. The reactor and the outlet fluid have identical homogeneous

compositions at all times. An ideal CSTR has an exponential residence time distribution

1 t
Egr (1) = exp {— j (13)
TCSTR TCSTR

Here, Tqrg = Icgrr 1S the mean residence time of the continuous stirred-tank reactor. The variance

of the CSTR is O'éSTR = TéSTR . The RTD for a cascade consisting of 7 identical CSTRs in series is

" t
E,csrp () =————exp [— j (14)

n
(n - 1) !TCSTR TestrR
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2.4. Non-dimensional RTD

For comparing different reactors it is useful to introduce a non-dimensional RTD curve

E,(0)=T-E() (15)

which is a function of a dimensionless time

t
0=— (16)
t
The non-dimensional mean value of £ o is then
— 7 Tro— 1 17
HE.[Q-EH(H)d9=.[:-t-E(t):dt=:.[t-E(t)dt=1 (17)
0 ol t L5
while the non-dimensional variance is G; =c’/1’.
For a single CSTR it is
Ec g (6) =exp(—6) (18)

2 _ . . . . . . _
and O, 9.CSTR — 1. The mean residence time for a series of # identical CSTRs is T, cstr = MTestr -

With definition of the non-dimensional time

t t
O,cstr = = (19)
Toiestk - Mlestr

we can write Eq. (14) in the non-dimensional form

-1
n(nb,csrz)"

(n—1)! exp (_nenCSTR ) (20)

qostr (Ohcstr ) =

The non-dimensional variance of a series of 7 identical CSTRs is

, 1
ol =— @
n

Thus, the number of CSTRs that is necessary to model a reactor for which the mean residence time 7

. 2 .
and the variance O~ have been measures as a series of 7 CSTRs can be computed from
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2 02

2.5. Definitions for the unit cell RTD in bubble train flow
We now introduce some definitions for the RTD in bubble train flow, which we will need later in
this report. We consider a cascade of 7 identical unit cells in series with RTD E (). The mean

residence time of this RTD is

Tye =hue = [ 1+ By (t)dt @3)
0

and the variance is

oo

Sre = [ (=T E e (Ddt 4)
0

We define the non-dimensional time

Bpe =2 = s)

Here, T, is the delay time which will be defined later and 7|, is the mean residence time of a single

unit cell. We define the non-dimensional form of the RTD E ,.(f) as

Ey e (B,5c) =nTycE, i (1) (26)

The mean hydrodynamic residence time for a series of 7 unit cells in bubble train flow is

T, = Yave (27)
o

Here, V ;o =nL A, is the volume of a domain with 72 unit cells of length L., @, =J, A, is

the liquid volumetric flow rate, J, is the liquid superficial velocity and A, is the cross-sectional

area of the channel. Therefore, Eq. (27) gives

T = "Ji (28)
L
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3. Numerical simulation of bubble train flow

In this section we first give a short overview on the numerical method and the computer code
used to perform the direct numerical simulations of bubble-train flow. We then describe the
simulation set-up and give the physical and numerical parameters of the simulations. Finally, we
shortly present the method for evaluation of the RTD from the DNS data and present some

visualizations of the local residence time field.

3.1. Numerical method

The direct numerical simulations are performed with the in-house computer code TURBIT-VOF
(Sabisch 2000, Sabisch et al. 2001), which solves the single-field Navier-Stokes equations with
surface tension term for two incompressible immiscible fluids under assumption of constant fluid
properties (i.e. density, viscosity, surface tension). The single-field formulation automatically
accounts for the proper momentum jump conditions across the gas-liquid interface. The governing
equations are written in non-dimensional form, see Ghidersa et al. (2004) and Oztaskin et al. (2009).
For normalization, a reference length scale L, and reference velocity scale U ., are used, which
need to be specified. The solution strategy is based on a projection method, where the resulting
Poisson equation for the pressure is solved by a conjugate gradient solver. Time integration of the
single field Navier-Stokes equation is done by an explicit third order Runge-Kutta method.
Discretization in space is based on a finite volume method, where a regular Cartesian staggered grid is

used. All derivatives in space are approximated by second order central differences.

For computing the evolution of the deformable interface which separates the two immiscible
fluids, the volume-of-fluid (VOF) method is used. In any mesh cell that instantaneously contains both

phases, the interface is locally approximated by a plane. The orientation and location of the plane is

reconstructed from the discrete distribution of the volumetric fraction f of the continuous fluid. Note
that - for a certain instant in time - we have f =1 for mesh cells entirely filled with liquid, f =0
for mesh cells entirely filled with gas, and 0 < f <1 for mesh cells that contain both phases. The
evolution of f is governed by an advection equation, which expresses the mass conservation of the
continuous phase. To avoid any smearing of the interface, this f -equation is not solved by a

difference scheme. Instead, the flux of f across the faces of any interface mesh cell is calculated in a

geometrical manner, depending on the location and orientation of the plane representing the interface.
For further details about the numerical method we refer to Sabisch et al. (2001) and Oztaskin et al.
(2009). We also note that a comprehensive code-to-code comparison exercise of TURBIT-VOF with
three major commercial CFD codes has been performed for bubble-train flow in a square mini-

channel, see Ozkan et al. (2007).
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3.2. Simulation set-up

The set-up of the simulations is described in detail in Ghidersa et al. (2004) and Worner et al.
(2007) and is shortly repeated here. We consider a computational domain and co-ordinate system as
displayed in Fig. 1. At the four side walls of the square channel no-slip boundary conditions are

applied, while in vertical axial direction ( y ) periodic boundary conditions are used. The length of the
computational domain in axial direction is L_ . This length may represent one unit cell as displayed

in Fig.1, or may represent [V unit cells, where N is a positive integer. The flow can be co-current

upward or downward, depending on the sign of the specified driving axial pressure drop across the
computational domain. The simulations start from fluid at rest with a bubble placed in the centre of
the computational domain. They are continued in time till the bubble velocity and the mean liquid

velocity within the computational domain obey constant terminal values.

3.3. Simulation parameters

In the present report five different cases are considered. For all cases the following parameters
are the same: D, =L =L =L, =2mm, liquid density p, =957 kg/m®, gas density
P =11.7 kg/m®, liquid viscosity M, =0.048 Pa-s, gas viscosity #; =0.184 mPa-s,

coefficient of surface tension O =0.02218N/m, reference velocity U, =0.0264m/s,

Ie

reference time scale tref = Lref

/U .. =0.0757s, and gas holdup in the computational domain
£=33%.

(Approximate location for Fig.1)

The cases differ with respect to the length of the unit cell, L., the number of unit cells in the

domain, N__, and the flow direction, see Tab. 1Tab.. For cases Al, B1 and C the computational do-

main contains one unit cell only, while it contains two unit cells for cases A2 and B2. Case Al and B1
correspond to case A2 and E, respectively, in Worner et al. (2007). Cases A2 and B2 correspond to
case Al and B1, respectively, in Oztaskin et al. (2009). While in all these cases the flow is co-current
upward, it is co-current downward for case C, which is otherwise similar to case G in Worner et al.

(2007). Further data given in Tab. 1 are the time step width Af and the number of computes times

steps N, . In all cases a uniform grid of mesh size Ax =Ay=Az=L_, /48 isused.

Tef
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Tab. 1: Numerical parameters of the simulations

Case  Domain Grid L /L, N £ N, Atlt,;
Al IxIx]  48x48x48 1.0 1 0.3307 40000 2 5%10™
A2 Dx2xl  48x96x48 2.0 203307 50000 25x107
Bl IXL.5xl  48x72x48 1.5 103303 50000 2 5%107°
B2 1x3x1 48x144x48 3.0 2 0.3303 70 000 2.5%107°

C  IxL75x1  48x84x48 175 I 03303 45000 1 5107

In Tab. 2 for each case terminal values of characteristic velocities and bubble dimensions as well as
the bubble Reynolds number Re, = p, D,U, / 1, and capillary number Ca= U, /0 are

given. For all cases the bubble is axi-symmetric, i.e. its cross-section at any axial position is circular.

Tab. 2: Terminal values of velocities, bubble dimensions, mean hydrodynamic residence time, bubble

Reynolds number and capillary number for the different cases.

Case U,/U, U /U, JIU, D,/D, L/D, 7,/t, Re, Ca
Al 3.66 1.20 2.02 0.809 0.064 1.245 3.86 0.21
A2 3.66 1.20 2.02 0.809 0.064 1.245 3.86 0.21
B1 3.86 1.37 2.19 0.849 0.292 1.635 4.06 0.22
B2 3.96 1.37 2.22 0.843 0.280 1.635 4.17 0.23

c 325 153 209 0891 0480 1708 342 0.19

3.4. Procedure for numerical evaluation of the RTD from DNS data

The procedure for numerical evaluation of the RTD of the liquid phase within a unit cell of
bubble train flow is described in detail in Worner et al. (2007). Here, we give a short overview about
the key issues of this evaluation procedure. The method relies on data for the instantaneous three-
dimensional velocity and volume fraction field within a unit cell which have to be obtained before by
a direct numerical simulation (DNS). The evaluation procedure is only meaningful for fully developed
bubble train flow, where the translational velocity of the bubble is constant and the bubble shape is
steady. The method to evaluate the RTD from the DNS data is a particle method and relies on the
uniformly spaced introduction of virtual particles in the volume occupied by the liquid phase within a
single flow unit cell. The position of each particle within the given flow field is tracked by a first order

Euler scheme, where the velocity field at the particle position is obtained from linear interpolation
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from the staggered DNS grid. The residence time distribution is obtained by statistical evaluation of
the time needed by virtual particles to travel an axial distance equivalent to the length of the unit cell,
and by an appropriate weighting procedure which takes into account the axial velocity at the particles

initial position.

There exist three numerical parameters for evaluation of the RTD. The first one is the particle

Courant-Friedrich-Levy (CFL) number

CFL, = AtiT‘up‘ (29)

It is used to determine the time step width At b which is used to compute the particle trajectory. Here,
the CFL number is 0.2 for all cases. The second parameter is the number of particles per unit length,

N b which takes a value of 48 for all cases. The third parameter is At which defines the time

class

interval for each class in the RTD. In Fig.2 a) we illustrate the influence of the choice of Af_ .. on the

class

numerically evaluated RTD. Worner et al. (2007) noted that small values of Af_ .. may result in quite

class

different values of E for neighbouring classes. In contrast, large values of At lead to smoother

class

curves but have a coarser resolution. Fig. 2 a) clearly illustrates this behaviour. In this figure, three

different values of At are used for evaluation of the RTD for case C, namely At =7, /3,

class class

T, /2 and T,. We can see that for Az, =7, =0.450 the RTD is smoothest but has the coarsest

class

resolution, while the RTD for Az, =7, /3 has quite different values in neighbouring classes. In

class

Fig. 2 a) one may recognise that the area of the first three classes with At =7, /3, the area of the

class

first two classes with Af_

=17, /2 and the area of the first class for Af, =7, are all equal.

class

However, the choice of At has a large influence on the height of the peak of the RTD at f = 7.

class

This makes a comparison of models for the RTD with the numerical evaluated RTD difficult.

Another parameter for numerical evaluation of the RTD is N This positive integer defines

cross *

the number of times any virtual particle must cross the computational domain in axial direction. Thus

N allows evaluating the RTD for a series of multiple virtual unit cells. To test if this procedure is

Cross
adequate to determine the RTD of multiple unit cells we applied it to cases Al and A2. Both cases
have an identical unit cell. However, in case Al the computational domain contains one unit cell while

it contains two unit cells in case A2. In Fig. 2 b) we compare the RTD obtained for case Al with

N =2 with the RTD obtained from case A2 with N =1. The differences between both

Cross Cross
RTDs are very small. Therefore we conclude that the RTD for a number of 7 unit cells in series can

be determined from simulation results with one unit cell in the computational domain by setting

N__  equalto .

Cross
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(Approximate location for Fig.2)

3.5. Analysis of local residence time field

From evaluation of the three-dimensional direct numerical simulation data the three-dimensional
field of the local residence time in the liquid phase of the bubble train flow is obtained. Fig. 3 shows a
visualization of this field for case B1 and also displays the computed bubble shape (note the periodic
boundary conditions in axial direction). In this figure, the local the residence time in the
computational domain is shown for two different planes, once for a mid-plane in vertical axial

direction (¥ ) and once for a horizontal channel cross-section. The different values of the residence

time are represented by a colour code. The figure indicates that fluid elements in the central region of
the liquid slug obey the shortest residence time, i.e. travel fastest along the channel. In general, the
residence time is small for liquid fluid elements close to the bubble and is large for liquid fluid
elements close to the solid walls. As expected, the highest values of the residence time are found in

the four corners of channel.

(Approximate location for Fig.3)
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4. Modelling the RTD for bubble train flow

4.1. The RTD for a single unit cell

4.1.1. The WGO model

The RTD curves shown in Fig. 2 show a sudden increase to a peak value and a slow decay. The
sudden increase of the RTD from zero to finite values corresponds to the residence time of the fastest
fluid particles, i.e. the liquid slug region in Fig. 3. This delay time of the RTD may thus be modelled
by a plug flow reactor. The semi-logarithmic scale of the inset graphics shows that the slop of the
RTD at small and medium time is almost constant. This suggests that this part of the RTD curve may
be approximated by an exponential relationship. Thus, the RTD curve may be approximated by a
single-phase flow compartment model consisting of two tanks in series. The first tank is a plug flow
reactor (PFR) which represents the delay time and the second tank is a continuous stirred tank reactor
(CSTR) which represents the exponential decay, see Fig. 4. The delay time is determined by the

minimum time of fluid elements to pass the channel, whereas the height of the peak and the slope of
the exponential decay are determined by the ratio of flow rate and volume of vessel Q/V (see Fig.

12.1 in Levenspiel, 1999). This PFR-CSTR in series concept has already been adopted by Salman et
al. (2004) to develop an analytical model for predicting axial mixing during Taylor flow in micro-
channels at low Bodenstein numbers. However, this model was developed for circular channels where
the film thickness is uniform and showed deficiencies for non-circular channels where the film

thickness is not uniform (Worner et al., 2007).

For co-current upward bubble train flow in a square channel, Worner et al. (2007) proposed two

slightly different models. The first model denoted as E; is given by

0 for t< L. /U,
E=Ee=yJ | J [Luc
Lyc Lyc\ Uy

(30)

—tj for t2Ly. /U,

In this model the CSTR corresponds to the liquid slug region, which is well mixed because of the

fluids re-circulating motion (Thulasidas et al., 1997). The mean velocity in the liquid slug is equal to
the total superficial velocity J which is given by J =J,+J, = &U,; +(1—-€)U, . Here, U, is
the mean liquid velocity and € is the gas volume fraction in the unit cell. The mean residence time of
the CSTR is therefore in this model given by Togrx =T = Ly / J . The model EUL is obtained

from in Eq. (30) by replacing the superficial velocity J by the mean liquid velocity U, . In the

sequel we will consider only model E ; and denote it as WGO model (Worner, Ghidersa, Onea 2007).
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(Approximate location for Fig.4)

In the WGO model, the delay time is taken to be the bubble break through time 7, = L. /Uy,
which is the time the bubble needs to move an axial distance equivalent to L. The mean residence

time of the CSTR representing the liquid slug is 74 = L, / J . With these definitions one can write

Eq. (30) in the compact form

E, = E,.(0 :Mexp[_f—_ﬂsj an
TS TS
Here,
0 for x<O0
H(x)= (32)
1 for x>0

is the Heaviside step function. The argument of this discontinuous function determines the delay time
of the RTD, i.e. the time needed by the fastest particles to cross the reactor. The integral of Eq. (31) is

unity and thus satisfies the necessary conditions of any RTD, see Appendix A.1.1.

In Tab. 3 we list the values of 7, and 7 which are used in the WGO model for the different

cases. Also given are the values for Az, /¢ . that will be used for each case.

Tab. 3: Values of parameters for unit cell RTD models.

Case 7’-B /tref 7’-S / tref Ulicl[nax /Uref Uli},lmax /Uref /1 7’-D / tref class /tref
Al 0.273 0.497 3.66 4.22 0.867  0.273 0.133
A2 0.273 0.497 3.64 4.22 0.863  0.275 0.133
B1 0.389 0.684 4.02 4.59 0.876  0.373 0.186
B2 0.379 0.674 4.08 4.66 0.876  0.367 0.183
C 0.539 0.836 -3.89 -4.39 0.879  0.450 0.225

4.1.2. The PD and PDD model

In this section we develop two improved models for the RTD of a unit cell. The new models will

refine the WGO model with respect to the delay time and the tail of the RTD.
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4.1.2.1. Delay time

In Fig. 5 we compare the unit cell RTD model with the numerically evaluated RTD curves for
case Al and case C. In the figure, the shaded area represents the numerically evaluated RTD and the
solid line the approximation by the WGO model. The dashed vertical lines denote the bubble break-
through time. From Fig. 5 (a), where the dashed line agrees with the delay time of the RTD, we see
that no fluid particles are moving faster than the bubble and most of the fluid particles are moving
with a velocity that is only slightly smaller than the bubble velocity. However, for downward flow we
see from Fig. 5 (b) that some particles need less time than the bubble to pass the channel. This means
that the velocity of some fluid particles is higher than the bubble velocity. To investigate the reason

for this we analyze next the local flow field in upward and downward bubble train flow.

Fig. 6 shows visualisations of the computed bubble shape and velocity fields for co-current
upward flow (case G in Worner et al., 2007) and for co-current downward flow (present case C). In
the left half of the figure the velocity field in the vertical axial mid-plane is shown in the fixed frame

of reference, while in the right half it is displayed in the frame of reference moving with the bubble
(i.e. Uy is subtracted from the vertical velocity component). For both cases, the velocity in the liquid

film region is almost zero as indicated in the fixed frame of reference. In the moving frame of
reference, the velocity is almost zero in the rear part of the bubble for the upward case. These blank

regions which are visible in the right half of Fig. 6 a) indicate that part of the liquid slug that is
moving about with the bubble velocity U . Hence, to consider the bubble velocity as representative

for the fastest tracer particles and to use the bubble break-through time in the unit cell RTD model is

reasonable for this upward flow case.

(Approximate location for Fig.5)

(Approximate location for Fig.6)

However, for the downward case C the velocity vectors in the liquid slug behind the bubble have
a finite length in the moving frame of reference; see the right half of Fig. 6 b). This indicates that the
velocity of that part of the liquid slug is higher than the bubble velocity, which is consistent with the
RTD displayed in Fig. 5 (b). This behaviour can be explained by the buoyancy force, which
accelerates the bubble relative to the liquid for co-current upward flow but retards it for co-current
downward flow. Thus, in downward liquid fluid elements may be faster than the bubble. In the RTD
model, therefore, in Eq. (30) the bubble velocity should be replaced by the maximum velocity in the

liquid slug in order to obtain a more general model which is also valid for downward flow.
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For any fully developed laminar flow through a straight channel there exists a linear relationship

between the mean and maximum velocity, i.e. U . =C U, _ . The value of the constant C_

mean

depends only on the shape of the channel cross-section and is C,, = 0.5 for a circular channel and
C,.=1/2.0962=0.477 for a square channel (Shah and London, 1978). In bubble train flow, the

mean liquid velocity within the liquid slug is given by U =J . Thus, if the liquid slug is long

L,mean

enough to be fully developed, we have U *

L,max

=J/C,. For shorter liquid slugs the actual

maximum velocity in the liquid slug may be smaller, say U = AU " where A isin the range

L,max L,max

(0,1].

(Approximate location for Fig.7)

In Fig. 7 we show the profile of the magnitude of the axial velocity in the middle of the liquid
slug for case Al, B1 and C. In this figure, the horizontal lines denote the maximum velocity in a fully
developed laminar flow with the same flow rate for each case. Fig. 7 shows that in the present
simulations the liquid slug is too short to become fully developed. L.e. the profiles are not parabolic
but rather flat for all cases. This supports the experimental finding of Thulasidas et al. (1997) and
Tsoligkas et al (2007). The latter authors investigated the liquid velocity profiles in the centre of the

liquid slug of co-current downward Taylor flow in a square mini-channel and found that short liquid
slugs with Lg < D, exhibited a flat axial velocity profile while long slugs with Ly > D, obey a

parabolic one. Thus, in short slugs the velocity field is not fully developed. Thulasidas et al. (1997)

found that in their experiments the Poiseuille profile within the liquid slug is fully developed for

L/ D, 21.5. Therefore, A must increase with increasing slug length and asymptotically approach

unity when the flow is fully developed. The values of A=U"" /U"

L.max Lmax 10 the present simulations

are given in Tab. 3. For all cases A is in the range 0.86-0.88.

Fig. 7 also shows that for case Al, by incident, the maximum velocity U Ec;

. Just equals the
bubble velocity. For case B1, where the liquid slug is somewhat longer than in case Al, the maximum

. . act .
is somewhat larger than U . For case C with co-current downward flow, U|" is

velocity U™

L,max
clearly higher than U . Also, the velocity profile tends to become more parabolic. These results also

shed light on the relation between the bubble break-through time and the delay time. To use the

bubble break-through time as delay time may be reasonable only for upward flow with very short

liquid slug lengths like case Al and A2, where U EC:HM =U s - This is, however, not valid for case C,
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where U™

Lmax 1S much larger than Uy, and therefore 7 is larger than 7. Thus, it is necessary to

refine the WGO model with respect to the delay time, to yield a more general and consistent model for

any flow direction and any length of the liquid slug.

To refine the WGO model for co-current downward bubble train flow with an arbitrary length of

the liquid slug we replace in Eq. (30) the bubble velocity U, by U E,C;lax =AU f’lmax =AJ/C,.
This yields the following model:
0 for t<C. L,./(AJ])
Ey()=1J C. (33)
ve ——exp Co L] for 4> C.L.!(AJ)
Lyc A J

This revised WGO model is more general since it takes the velocity of the fastest fluid particles to

compute the delay time instead of the bubble velocity. Here, the delay time is

T. = Luc — LUC — CCS i — &T (34)
b UEC:nax ﬂ’UIil?max ﬂ' J l i

The revised WGO model for a single unit cell can then be written in the compact form

EUC(I):MGXP[_I—TDJZH(I—TD)GXP{%_LJ (35)

Ts Ts Ts Ts

In the sequel, we denote this model as PD model. Here P stands for “peak” and D for “decay”. This

name reflects that the RTD consists of one peak followed by an exponential decay. In the PD model

A is unknown yet. However, A is a function of Ly / D, and should approach unity for large values
of Li/ D, . Here, we take the values of A as given in Tab. 3 while the development of a suitable

relationship for A= A(Lg/ D, ) will be a future task for us.

For the mean residence time of the RTD in Eq. (35) we obtain the result

TUCE?UC:IIEUC(t)dt:TD-i_TS:TS(C;S+1j’ (36)
0

see Appendix A.1.2, and for the variance

0l =12, (37)

see Appendix A.1.3. Introducing the non-dimensional time
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1—7
Opc =— (38)
Tuc
we can write Eq. (35) in the compact non-dimensional form
- _ Tuc Tuc
E, ue =TycEye (1) = H(Tycbyc) exp| —byc
Ts Ts
(39

—H ((1, +7,)8,.) 2% exp[—@Uc T+ j

4.1.2.2. Tail of the RTD

The tails of the RTD in Fig. 5 correspond to the flow in the liquid film which is almost stagnant
(see velocity profiles in the left half of Fig. 6). The inset graphics in Fig. 5 shows the numerical and

modelled RTD in semi-logarithmic representation. This allows for an easy visual comparison of the
slopes of both RTDs. In the numerical RTD, the slope becomes flatter for /7 . >4 while the slope
of the WGO model is constant. This result shows that the tail of the RTD is not accurately represented

by the WGO model. In Wérner et al. (2007), the steeper RTD slope for #/t . <4 is better fitted by
model E; since residence times 7/ <4 correspond mainly to fluid elements in the liquid slug,
where the mean velocity is equal to J. However, the flatter slope for #/t . >4 is better

>4 correspond to fluid

approximated by model EUL. This is because residence times /%

elements in the four corners of the channel. There, the mean liquid velocity is smaller than J and

may be approximated by the mean liquid velocity in the unit cell U, . Though EUL is a better

approximation for 7/t . >4, the slope of this model is still too steep for high residence times (see

Fig. 8 a in Worner et al., 2007). Hence, an even lower mean liquid velocity should be chosen for the

corner flow to cause a flatter slope for high residence times.
(Approximate location for Fig.8)

Considering these ideas, the WGO model respectively the PD model shall be developed further
towards a model which yields two different slopes for small and large times in order to represent the
tail of the RTD more accurately. For this purpose Worner et al. (2007) suggested the three tank
compartment model as displayed in Fig. 8. This model consists of a PFR that is in series with two
CSTRs in parallel. The RTD of this compartment model is characterized by a peak which is followed
by the superposition of two exponential decays with different slopes (see Fig. 12.1 in Levenspiel,

1999). We will, therefore, denote this model as PDD model (peak-decay-decay). In the PDD model
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one CSTR corresponds, as before, to the liquid slug, while the second corresponds to the flow in the
liquid film and the corners. Since both CSTRs are in parallel, the resulting RTD is the sum of two

exponentials. The slopes of both exponentials are determined by the mean residence time of the liquid
slug 7 and by the mean residence time of the CSTR representing the liquid film /corner flow,

respectively.

A relation for (; . can be obtained from a liquid mass balance in a frame of reference moving

with the bubble. We consider a control volume that consists of an axial portion of the channel where
one end is in the liquid slug and the other end is in the bubble region. Then a balance of the liquid

inflow and outflow flow rates yields

(J -U, ) Ay =U g —Ug)A, —Ap) (40)
respectively
A
Uppimn =Up=(Up =J)—"— (41)
ch AB

In this equation, U, . =U| 4. (y) and Ay = A;(y) represent the mean axial liquid velocity and

bubble cross-sectional area, respectively. The position y denotes the control volume outlet and is

variable. The liquid volumetric flow rate in the outflow cross-section of the control volume is then

given by

C

A
QL,ﬁlm = UL,ﬁlm (A n— Ag ) =|Uy _(UB - J)ﬁ (Ach —Ag ) =JA, —UzAy (42)

ch B

As pointed out by Abiev (2008), the sign of U Lfim and QL,f can be positive or negative.

For an axi-symmetric bubble with local cross-sectional diameter d(y) one obtains from Eq. (41)

the result

2
V4
Uy =Up —(Uy =) 1—;(—} (43)

This relation is very sensitive to the value of d. Here, we are interested in the mean liquid velocity

in the axial cross-section where the bubble diameter is largest. Thus we take d = ,BDB and compute

the mean liquid velocity in the liquid film / corner region from relation
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1

V4
U.=U,—(U,—J)|1-= D

4

In the sequel, we consider two different values for £, namely S =1 and £ =0.97.In Tab. 4 we
list the values of U, that are obtained from this equation for the different cases for both values of /3.

Our RTD model is only reasonable if U, has the same sign as J , i.e. is positive for upward flow and
negative for downward flow. Then, the mean residence time of the CSTR representing the liquid film

is computed from 7, = L./ |U F| while that of the CSTR representing the liquid slug is the same as

in the WGO and PD model, namely 7, = L/ J .

For the moment, we define the relation between the flow rates Q, ¢ and @, . in the two CSTRs

by a weighting factor & = Q, ¢/ (Q, ¢+ 0, ) . This weighting factor is in the range 0 <@ <1 and

will be determined later. In section 4.2 where we consider multiple unit cells, we always assume that

all unit cells are identical so that the value of ¢ is the same.

The RTD of the three tank compartment model is then given by

Ej.(1)=0 (45)
for t <L, /U EC;MX , and by
J J | Ly Y Up | Ly 46
E%.(1)=a-——exp C —t||+d-a)—Eexp| L C ¢t (46)
uc
LUC C UE,Crtnax LUC C UE,Crtnax
for t2 L. /U EC;MX . Introducing the delay time 7, =L/ ‘U Ec:mx according to Eq. (34), as well

as Ty and 7 we can write the PDD model in the compact form

— 1— —
ES.(t)=H({t—1,) Zexp(—t o j+ aexp(—t TDJ (47)
TS TS TF TF

As required, the integral of Eq. (47) is unity, see Appendix B.1.1.

For the mean residence time we obtain the result

o

tie =T = [ES (Ddt =, + 2z + (1- )7, (48)
0

see Appendix B.1.2., and for the variance
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o2e = 2072 +2(1- )7 —[az, + (- )z, | (49)

see Appendix B.1.3. Introducing the non-dimensional time

-7 -7
O =2 = ; (50)
Tue Tptartg+(1-o)z;
we can write the PDD model in the form
Eg,UC @ = Tchgc )
s (o 7 T Gb
=|a—Cexp| -6~ |+ (1-a)—Lexp| -0% & | |H(7,.60.)
s Ts 43 43

When the flow rate of the liquid film region is zero we have & =1 and the PDD model of Eq.
(47) becomes equal to the PD model in Eq. (35). Furthermore, the right hand sides of Eq. (48), Eq.
(49) and Eq. (51) reduce to those of Eq. (36), Eq. (37) and Eq. (39), respectively.

We now determine a suitable value for & and consider two possible choices. In the first one, we

compute & from relation

a=a QL,tot - QL,film

(52)
¢ QL,lol

With Q) ., =J A, and Eq. (42) we obtain from Eq. (52) the result

¢ JL Ach JLAch JL Ach JL A

ch

— JLAch - JAch +UBAB _ _JGAch +UBAB _ _gUBAch +UBAB — ﬁ(ﬁ—é‘j (53)

From the mean residence time of the RTD model given by Eq. (48) we obtain

A A
r{j’c=TD+0n'S+(1—a)TF=$TS+£(—B—8JTS+ 1—%[—3—8j Ty

ﬂ’ JL ch L ch
(54)
NG Us [ Ay | e | _Ys [ A ] [ fue
A J A, J J. (A, Ug

where U, is given by Eq. (41). The problem of this choice for ¢ is that in general the mean
residence time according to Eq. (54) differs from the hydrodynamic residence time of the unit cell

given by Eq. (28). In Tab. 4 we list the values of ¢, for both values of ,3 . Also given are values of

the relative deviation of the mean residence time from the hydrodynamic residence time. For ,3 =1
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the relative error is typically about 4 - 9%, whereas it is only about 1 - 7 % for ,3 =0.97 . For both

values of ,3 the relative error is larger for the downward flow case C than for the cases with upward

flow. While an relative error in the mean residence time below 7 % may be acceptable for some cases,

we nevertheless we disregard this approach to determine & .

In the second approach to determine & we require instead that the mean residence time of the
model shall be equal to the mean hydrodynamic residence time. Thus we set 7, gc =7, and obtain

from Eq. (48) the following relation

T, + 7. —7T
a=0,=2—F—" (55)
Tr—7Ts

The corresponding values of ¢, for each case are listed in Tab. 4. We note that for all cases the dif-

ferences in the values of @, and ¢, are small in general.

In Fig. 9 and Fig. 10 a) and b) we compare the PD and PDD model with the numerically evaluated
RTD curves for case C, Al and B1. In these figures, the shaded area represents the numerical evalu-

ated RTD curve (with the values of At as given in Tab. 3) while the lines represents the PD model

class
and the PDD model for two different values of ,3 , respectively. In the linear plots we see that for case
C and Bl the peaks of the models are lower than the numerically evaluated RTD. However, the peak

of the numerically evaluated RTD may change depending on At see the discussion above on Fig.

class ?

2 a).
Tab. 4: Values of 7T, and & for the PDD model.
B=1 B=097
U T % _ U T % _
Case | =& £ g Tuc =% a | L Tuc =% a,
Uref tref Th Uref tref Th

Al | 0274 3.65 0.834 3.8% 0.849 | 0473 2.12 0.696 1.4% 0.706
A2 | 0274 3.65 0.834 4.0% 0.850 | 0.473 2.12 0.696 1.5% 0.707
B1 | 0.019 78.0 0.991 7.7% 0.993 | 0.294 5.10 0.850 5.2% 0.869
B2 | 0.037 40.6 0.982 7.2% 0.985 | 0.309 4.85 0.840 4.6% 0.858
C |-0.193 9.07 0.929 9.4% 0.949 | -0.465 3.76 0.812 7.4% 0.855
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(Approximate location for Fig.9)

For all three cases, the curves of the PDD model intersect that of the PD model and exhibit a
flatter slope at high residence times. This can be seen more clearly in the inset graphics with semi-

logarithmic representation of the data. Fig. 9 and Fig. 10 a) and b) show that the slope of the PDD

model changes at 7/t ; =4 . For larger residence times the slope becomes flatter. The figures show
that the slope of the PDD model at large values of ¢ depends on the value of ,3 . For case C and Al

,3 =1 seems to give better results, while for case Bl it appears that ,3 =0.97 may be more
appropriate. With the present PDD model the slope of the RTD at large values of # is also much

better approximated than by the model EUL of Worner et al. (2007). In conclusion the present PDD

model with the delay time computed from Eq. (34) and U, computed from Eq. (44) with

097< ,3 <1 is a reasonably good fit to the numerically evaluated RTD, both at small and large

residence times, and both, for co-current upward and downward Taylor flow.

(Approximate location for Fig.10)

4.1.3. Steps to determine the parameters of the PD and PDD model

In this subsection we list the sequence of steps which are necessary to determine the parameters

of our RTD model. We assume that the following quantities are given:
®  Viscosity of continuous phase (1
¢ Interfacial tension O
e Superficial liquid velocity J, =Q, / A,
e Superficial gas velocity J, =0/ A,
The individual steps to determine the RTD are then as follows:
1. Compute the capillary number Ca, =, J / & where J =J,+J,

2. Compute the bubble velocity Uy from an empirical correlation, e.g. of drift flux model

type or of the form Uy =U;(Caqy), see e.g. Angeli and Gavriilidis (2008).

3. Compute the capillary number Ca =, U, /O
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4. Compute the bubble diameter from an empirical correlation Dy = Dy (Ca), see e.g. the

review by Angeli and Gavriilidis (2008).

5. Estimate the length of the unit cell L. and the length of the liquid slug L either from

experimental data or from empirical correlations, see e.g. Angeli and Gavriilidis (2008) and

Fries and von Rohr (2009).

6. Determine 73 = L./ J

7. Determine C =U /U

mean max ’

estimate an appropriate value for A4 and compute the
delay time 7, =C_7/ A . This defines all parameters of the PD model. The PDD model

requires additionally the following two steps.

8. Estimate Uy from Eq. (44) (with an appropriate value for ,3 , e.2. 0.97) and determine

T =Ly /Ug.

9. Determine the hydrodynamic residence time of one unit cell from relation 7, = L./ J;

and compute the values of & from Eq. (55).

4.2. The RTD for multiple unit cells
In section 4.1 we developed the PD and PDD model for the RTD of a single unit cell. Since

Taylor flow consists of a sequence of a large number of unit cells, the single unit cell RTD model is at
first of limited practical value. The overall goal is, therefore, to develop a model for the RTD of
Taylor flow consisting of 7 identical unit cells. In this section we investigate in how far this multiple

unit cell RTD model can be obtained from the single unit cell RTD model by a convolution procedure.

4.2.1. Convolution procedure
The RTD has the property to transfer any reactor input signal C, (#) to a unique output signal

C,, (?) . Mathematically, this transfer is described by the convolution integral

t

Cou ()= [ C, ¢ =O)E@ )Y, (56)
0

see e.g. Levenspiel (1999). Eq. (56) can be written symbolically as

C._=C *E, (57)

out mn
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where C_, is the convolution of E with C, . Thus, in passing through the vessel the input signal is

t

modified to give an output signal C_, see Fig. 11 top. The kind of this modification is determined

out ’

by the RTD.

(Approximate location for Fig.11)

We now consider a bubble train flow consisting of 7 identical unit cells and assume that the

input signal for the first unit cell is an ideal Dirac delta pulse. In this case the output signal of the first

unit cell is equal to E(?) . Since this RTD is the input signal for the second unit cell, the output

signal for the second unit cell is given by the convolution E . * E .. Since the input signal for this
convolution is an RTD, the output signal has the properties of an RTD too. It can be considered as an

approximation for the residence time distribution of unit cell 2, i.e. E, . = E * E ;. Assuming

that the RTD of the unit cell can be described by the PDD model Egc , we obtain for unit cell n the

result

t
ES ()= E% e ()% ESu(1) = j R (Y N (2 (58)
0

see Fig. 11 bottom. Therefore, we can compute the RTD for a series of 7 unit cells from the RTD of

a single unit cell by successive evaluation of 1 —1 convolutions integrals. Next we present the results
of these convolutions both for the PD model and for the PDD model and refer to the Appendices for

mathematical details.

4.2.2. PD model and PDD model for multiple unit cells

4.2.2.1. RTD for two unit cells

To evaluate Eq. (58) for n =2 we have to solve the convolution integral

ESy (1) = Efc ()% Efe(0) = [ ES (6= )ES (£)dr (59)
0

As shown in Appendix B.2.1.1, this yields the result
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2 2
Efoc(t)= H(1=27,)1 (1=27,) ng exp(‘t_zrDHl_aJ exp(-t‘%}
T T T T,

(60)
2 al-a t=2t, =27,
e exp| — —exp| —
T —Ts Ts Tp Ts Tk
By setting & =1 we obtain from Eq. (60) the RTD for two unit cells of the PD model
t—-27, t—271
E,yc(t) =—="exp| - 2 \H(t—27,) (61)
Ts Ts
(see also Appendix A.2.1.1).
As shown in Appendix B.2.1.2, the mean residence time for two unit cells is
The = b = [ 1S, (Ddt =2[ 7, + oz + (- o)z, | =27 62)
0
For ¢ =1 we obtain the result (see also Appendix A.2.1.2)
Toue = 2T, +7T5) (63)
The non-dimensional time for two unit cells is defined as
t—27
Oroc =——2 (64)
274
Then, the RTD for two unit cells can be written in the non-dimensional form
ngzuc (0)=27;c 5y (1)
207\ 27 (20%.) 27
— 2 C o C C
=&y & “< | exp| —O— |[+(1-a) o= | exp| =6 c—
Ts Ts Tk Tk
(65)

« 2 a(- « 27 . 270
200 -1l (CXP[—QZUC UCJ—CXP(—@UC TUC ﬂ

F
XH (27(c65c)

For & =1 we obtain
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2
278 278 »
Ej5uc(0) =0,y ( TUC j cXp [_ezuc T—ch H(270,c) (66)

S S
We now compare the RTD for two unit cells obtained by this convolution procedure with the
numerically evaluated RTD curves. Fig. 12 a) and b) show the results for case A2 and B2 both for the
PD model and the PDD model (for two different values of ,5 ). Comparing the model RTDs for two
unit cells in Fig. 12 a) and b) with those in Fig. 10 a) and b) for one unit cell shows one apparent

difference. Namely, for one unit cell the RTD is zero for # <7, jumps to it maximum value at
t =T, and decreased monotonically to zero for values f > 7}, . Instead, for two unit cells the model

RTD is zero for ¢ < 7, , increases till a peak value is obtained and finally decreases toward zero. The

peak value of the RTD is always higher for the PD model than for the PDD model, both for the single
unit cell and for two unit cells. Fig. 12 a) and b) show that the height of the peak value of the PDD

model is very sensitive to the value of ,5 . We recall that, as noted before, the height of the peak value

of the numerically evaluated RTD is sensitive to the value of At In all cases, the RTD curve of

class *
the PDD model intersects that of the PD model, giving lower values of the RTD at low values of ¢
and higher values of the RTD at large values of ¢ as compared to the PD model. Due to this
behaviour the PDD model provides a better fit to the long tails of the numerical RTD for two unit

cells, see Fig. 12 a) and b). Interestingly, in the numerical RTD there appears a second peak at
t/t . =4.3 for case A2 and for ¢/t =6 for case B2. The inset graphics in Fig. 12 a) and b)

show, that at high values of ¢ the slope of the numerical RTD is well approximated by the PDD
model with a value of =1 for case A2, and  =0.97 for case B2.

4.2.2.2. RTD for three unit cells

For the PD model, the output signal for three unit cells is given by

Eyyc(t) = By (1) % Eye (1) = [ By (t=1)Ey (£)de’ 67)
0

The evaluation of this convolution integral yields the result

— 2 —
Eyc(0) =@exp[—ﬂJH(t—3m, 63)
27 (2

see Appendix A.2.2.1. The mean residence time is

T = hye = [ e (04t =3(z +7,) =37, (69)
0
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see Appendix A.2.2.2. The non-dimensional time for three unit cells is defined as

t =37,

Ouc = = (70)
R
so that Eq. (68) can be written in the following non-dimensional form
) 3

= Guc [ 2 Tuc Tuc

E, suc =37y Eyuc () = > 3 z exp| —36;c z H(37ycbyc) (71
S S

o

For the PDD model, the RTD Ej(¢) for three unit cells becomes very complicated so that the

convolution integral is evaluated by Laplace transformation. The result can be found at the end of

Appendix C and is not repeated here.

In Fig. 13 we compare the RTD of the PD and PDD model for three unit cells with the
numerically evaluated RTD curves for case Al and B1. Similar as for two unit cells, there is a notable
difference between the heights of the peaks. Higher residence times are not accurately represented by
the PD model but are reasonably represented by the PDD model. However both for the PD model and
the PDD model, the location of the peak of the RTD is shifted to later times as compared to the
numerically evaluated RTD. It is expected that this discrepancy will even increase for larger numbers

of unit cells in series.
(Approximate location for Fig.12)

(Approximate location for Fig.13)

4.2.2.3. General RTD model
The RTD of the PD model for four unit cells is

— 3 p—
E,uo(t) = %exp L—ﬂJ H(t-4t,) (72)
6 S TS

see Appendix A.2.3. The mean residence time is

Ty = bue = j 1E, o (t)dt = 4(75 + 7)) = 47 (73)
0

As shown in Appendix C, the PD model for 7 identical unit cells in series is
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n—1
r—nrt r—nrt
E ()= =ty —exp| ————= |H (t—ntp) (74)
(n-D'zg T
The mean residence time of this RTD is
T =n(75+7p) (75)

With the non-dimensional time defined in Eq. (25), the RTD of the PD model for 7 unit cells can be

written in the general form

6! 7. ) T
E, uc () =ntycE, (1) = e '(” = j exp [_nenuc = j H(nty.6,,c) (76)
(n=-D!I 7 T

This RTD for a cascade of n identical unit cells is equivalent to the RTD of a cascade of n identical
CSTRs in series given in Eq. (20). For 7, = 0 we have 7, uc = Tg and Eq. (76) becomes identical to

Eq. (20).

For the PDD model, the RTD becomes increasingly complicated for an increasing number of unit
cells, see Appendix C. Therefore, this model is hardly useful for large values of 7. Thus, in future
simpler models for a large number of unit cells shall be developed which accurately represent the tail
of the RTD, and, even more important, correctly predict both the sharp increase of the RTD for values

of ¢ slightly higher than the delay time and the location of the peak value of the RTD.



108

5. Conclusions

In this report we used results from direct numerical simulations of bubble train flow in a square
vertical mini-channel to develop an analytical model for prediction of the liquid phase residence time
distribution from integral flow parameters. For this purpose, the unit cell RTD model of Worner,
Ghidersa, Onea (2007) (the WGO model) which was developed for co-current upward flow and is
represented by a compartment model consisting of a plug flow reactor (PFR) and a continuous-stirred-
tank reactor (CSTR) in series was improved with respect to two aspects. First, in the peak-decay (PD)
model the delay time of the RTD (which corresponds to the residence time of the PFR) is formulated
in such a way that the model is valid for both, co-current upward and downward bubble train flow.
Second, to account better for the long tails of the RTD, the compartment model was further refined
and consists in the peak-decay-decay (PDD) model of a PFR in series with two CSTRs in parallel.
The two CSTRs represent the liquid slug and liquid film / corner flow region, respectively. Both
CSTRs have a different mean residence time. The resulting RTD consists of the superposition of two
decaying exponential terms showing different slopes. It is shown that the PDD model accurately

represents the numerically evaluated unit cell RTD for different flow conditions.

In practical applications, not the RTD of the unit cell but that of a bubble train flow or Taylor

flow consisting of a finite number of unit cells is of interest. In this report, the RTD for 7 unit cells in
series is determined from the unit cell RTD by a (n—1)-fold convolution procedure. For the PD

model these convolutions can be evaluated analytically and yield a rather simple and general
expression. For the PDD model, however, the analytical evaluation of these convolution integrals is
becoming increasingly complex and is - without further approximations — of limited practical use for
n > 4. The comparison of the convolution based PD and PDD models for # =2 and n =3 with the
numerically evaluated RTD has shown, however, that the agreement is not satisfactory. In particular,
the residence time where the RTD obeys its peak value is over predicted by the models. It appears that
this discrepancy even increases with increasing value of 7. Thus we conclude that in future the RTD

model for multiple unit cells should be further improvement.

Concerning the unit cell RTD, further issues that should be investigated in future are the
consideration of numerical simulations with longer liquid slugs and the reason for the appearance of a
second peak in the numerically evaluated unit cell RTD at the residence time where - in a semi-
logarithmic representation - the RTD changes its slope. While measurements of the unit cell RTD are
not available in literature, there exist experimental data for a single channel that should be used for

ultimate verification of the RTD model for multiple unit cells.
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Nomenclature
Bo Bodenstein number
C Tracer concentration, mol/m’

Ratio between mean and maximum velocity in laminar flow through a channel

Ca Capillary number

d, Bubble diameter at a certain axial position of the bubble, m

DB Maximum bubble diameter, m

d,, Thickness of liquid film between gas bubble and channel wall, m
D, Hydraulic diameter of channel, m

Molecular diffusion coefficient of tracer in liquid phase, m*/s
tracer

E Residence time distribution (RTD), 1/s

Eg Non-dimensional RTD

E gc Unit cell RTD for PDD model, 1/s

F Cumulative residence time distribution function

Liquid volumetric fraction in a mesh cell

J Total superficial velocity, m/s

Js Superficial velocity of gas phase, m/s

J, Superficial velocity of liquid phase, m/s
L, Axial length of computational domain, m

L, Reference length scale, m
Liquid slug length, m

L q gleng

Ly Length of unit cell, m

L.L.L Physicals dimensions of computational domain, m
x> Ty’ Tz
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n Number of CSTRs or unit cells in series

N,.. Number of times virtual particles must cross the domain to obtain the RTD
NP Number of particles

N, Number of time steps

Nyc Number of unit cells

0 Volumetric flow rate, m’/s

Re, Bubble Reynolds number

t Time, s

Reference time scale, s

T Mean residence time, s

At Time step width, s

At s Time interval of classes in the RTD, s

U, Bubble velocity, m/s

U. Mean velocity in liquid film and corner flow region in PDD model, m/s

U, Mean liquid velocity in the computational domain, m/s

U, Mean velocity in the liquid film at a certain axial position, m/s

U Actual maximum axial velocity in the liquid slug, m/s
L,max

Uh Maximum axial velocity in fully developed Poiseuille flow, m/s
L,max

U, Reference velocity scale, m/s

\% Volume, m’

Greek symbols

o Weighting factor in PDD model

,5 Pre-factor of bubble diameter for computation of U in PDD model
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o Dirac delta function
£ Gas volume fraction in the unit cell
2] Dimensionless time, @ =1/t
. act th
A Ratio U .. /U L max
y2s Dynamic viscosity, Pa s

Density, kg/m’

o Coefficient of surface tension, N/m
o Variance of RTD, s°
o Non-dimensional variance of RTD
6
T Mean residence time, s
Ty Bubble break through time, s
T, Delay time, s
T, Mean residence time for liquid film and corner region in PDD model, s
T, Mean hydrodynamic residence time, s
T Mean residence time for liquid slug, s
Subscripts
B Bubble
F Liquid film
G Gas phase
L Liquid phase
P Particle
ref Reference value
S Liquid slug

ucC Unit cell
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Abbreviations

BTF Bubble Train Flow

CSTR Continuous Stirred Tank Reactor
PD Peak-Decay

PDD Peak-Decay-Decay

PFR Plug Flow Reactor

RTD Residence Time Distribution

ucC Unit cell

WGO RTD model of Worner, Ghidersa, Onea (2007)
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Appendix A. Integral evaluations for PD model

To evaluate the various integrals in this Appendix and in Appendix B we will - without further

notice - take advantage of the identity

.[z"_le_““dz =(n-D!a"
0

A.1. Evaluations for one unit cell

A.1.1.Integral of RTD

The integral of the PD model for one unit cell is

[Ewcdt=[H(t—7)75 e ™5 de = [ 7]l e ™5 dr =g ™' [e'™ dt
0 0

7p )

_ _erD/rS [e—t/rs }w — _eTD/Ts [O_C—rD/rS } — eO -1

)

R R N —tltg |7
oot e [

b

A.1.2.Mean residence time

The mean residence time of the PD model for one unit cell is

T :thUC (l)dt=j[H(l—TD)T;1 e )T g = jtTS_I e ()T gy — Ts_l e™'% jte—tlrs dr
0 0

Tp )

— TS—I erDlrs |:T32 (_n-s_l _l)e—tlrs:' =—7, erDlrs |:(m-s_1 +1)e—t/15:' =—7, erDlrs |:m_s—1 e—t/rS +e—t/15:|
) o) )

I7g

_ T [ —1 17, ~1 —Tp /7T —TplTg | _ Tp /T :
=—7.e® EEWS e " +0-(ry75 e " )—e ™ 5}——z'se‘3 S{hm

t —Tp /T, —1
e’ S(TpTg +1)

== 7'
/ hml / 1 / 1 / 1
_ Tp /7, [—>00 —Tp /7 - _ Tp /T —Tp /T, —~ _
=—T4e ™ Tme™™ —e P (ryT. +1) |=—T1e ;—e P (T 1) |=7, + 7
L t—c0
A.1.3.Variance

The variance of the PD model for one unit cell is

oo oo

St = [ (1 =Tye) Eye (0dr = [ (1= (2, + 7)) H (1 =7,)75 e "™ dr
0 0

We introduce the substitution Z =7 — 7, so that dz = dr . This gives
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G%C = J.(t— (TD +TS))2H(t_TD)TS—l e*(t*TD)/Ts dt= J. (Z_TS )2H(Z)Ts—l e—z/rS dZ
0

—Tp

_ T;IJ.(Z2 —2ZTS +Tsz)e—z/rs dz = Ts—l {[(f e—z./rS . 2TSZ€72/TS +Tsz e—z./rS )dz}
0 0

0

7! {[(—zzrs —2z77 270 )e " }: -27, [rg (—z75' —De™ ]: +7 [—TS e V" ]w}
=7 {[(—lim(zzrs e ") —limQzzse ™ )) +217 }

125 limzzy -1 |- 2o~ i}

7>

: 2
_ . 2ZT 111’1127’-5 X z
=7;'|| 273 — lim——5— ——<== +275| lim———-1 |+,
N N -1, 2/7g . -1 ,z/7g N 2/7g N
T e limzg e e Toe
7—>
I lim27, 2 liml
B ats 27, e
=7, || 20 ——==— S 4+20| === ——1|+7,
limzg"e”™ oo lime™™
L 700 7300
A 27, -
=5l 200 === |+250(0-1)+7; =75 (220 - 203 + 7 ) =73
[o0)

A.2. Evaluations for multiple unit cells

A.2.1.Evaluations for two unit cells

A.2.1.1. Convolution integral for two unit cells

The convolution integral of the PD model for two unit cells is

Eyye (1) = Eyo ()% Eye (0) = [ Eye (t=1)Eye (£)dt

This integral is given by

t
E,,.(t)= j H(t—t-1,)r;' e " ™S H(t' —1,)7r5 e ™5 dr
0

H(t—t -1, )H({ —1,)7 e 7P dt’

O — ~

1
=7, e PV [H (=1~ )H (£ ~7,)df
0
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To evaluate the integral with the two Heaviside step functions we introduce the substitution

u=r—1, sothat du =dr". This gives

I=[H(@—r' -2 )H({ ~1,)d = | Ht—u=22,)Hw)du= [ H(t—u—2z,)du
0 ~Tp 0

Next we introduce a second substitution W =—u +f—27, so that dw = —du . This gives

I = t_fD H(t—u-27,)du=- _JTP H(w)dw = t_ij H(w)dw = t_ij H(w)dw
0 =21 —Tp 0

=27

=H(t-27,) | dw=H(@t=27,)[w], "™ =(t—27,)H(1-27,)

0

Thus, we obtain

E,o(t) = H(1=21,)(t —27,)75" e 7%

The integral of E, . (f) is given by

.[EZUC (Hdr = .[H(t - 2TD )t — 2TD )TS_Z e 2% 4
0 0

We introduce the substitution 7 =¢— 27, » and obtain

)

[ EveOdt = [ H=22,)t - 27,)77 e 7% dr = | H(D)zgg e dz
0 0 =27y
=7 [ze M de = [R(-ag - e S | = [ 4 De TS ]
0

=zl e e H | =—limzzy e Y- 0+0+1

7300

lim1
—1-lim—— === -ty
e goet s lime*" oo

7300

A.2.1.2. Mean residence time for two unit cells

The mean residence time for a length of two unit cells is

fue = [ Eyue (0dr = [tH (1= 22,)(t = 22,)75> 0% di
0 0

We introduce the substitution 7 =¢— 27, » and obtain
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fue = [ 1By (0dr = [tH (1= 22,)(t = 27,)75 & 20" di
0 0

I (z+27,)H(2)z75° e /S dz = .[(Z +27,)20 e % dz
—27p 0

= TS_Z.[ [ZZ e 4 27,2 e % } dz
0

and thus

e =75 {[(—zzz’s —2z7; - 273 )" ]O +21, [TSZ(—ZTS_I —1)e " }:}
) 3 27 _
=T [22’5 + 27,74 ] =2(Ts+7p)

A.2.2.Evaluations for three unit cells

A.2.2.1. Convolution integral for three unit cells

The convolution integral of the PD model for three unit cells is

Eyc(t) = By (1) % By (6) = [ By (t=1)Eyc (£)de’

This integral is given by

t
Eye() = [ H(t =1 =20,)(t=1' = 22,)77 %% H(&'— )75 ™ df
0

t
.[H(l‘—t’_ZTD)H(t/_TD)(I_t/_2TD)TS—3 e—(t—3rD)/rS dt/
0

S

t
=70 e S [ (1=t =2, ) H (t =1 =20, ) H ('~ 7,))dt’
0

To evaluate the integral with the two Heaviside step functions we introduce the substitution

u=r—1, sothat du =dr. This gives

I=[(—1=20)H(t=t'=20,)H(t' ~7,)df’ = | (t=u=32,)H (t—u—37,)H(u)du
0 ~Tp

t-7p

= [ (t—u=32,)H(t—u—3t,)du



Next we introduce a second substitution W= —u +¢—37, so that dw = —du . This gives

t—Tp 27 t=37p,
I= [ (t—u=3e)H(t—u=3z)du=— [ wH(wdw= [ wH(w)dw
0 t=37p —27p

=37, =37y 2 3%
= [ wHdw=H(-37,) [ wdw= H(t—3TD){W7}
0 0

0

=%(t—3TD)2H(t—3TD)

Thus, we obtain

1 — —(t—=37p )/ 7
Eve(1)= H(1=30,) (130,77 0

The integral of E, . (f) is given by

oo

.[Ewc (Hdr = I% H(t—37,)(t—37, )2 TS‘3 e 3% gy
0

0

We introduce the substitution 7 =t — 37 » and obtain

oo

R 1 1
IE3UC (Hdt = .[5H(t—31']))(t—3‘L'D)2’L'S_3 e s dr = J. EH(Z)ZZTS_3 e ™ dz
0

0 =37

| . 1 - a7
:ETS3£ZZC Z/Sdz=ETS3[(—ZZTS—2zTSZ—ZT§’)e /S]O

1 _ _ _ _ o0
:ETS3[_Z2TS e mS—ZzTSze 2/15—21';’6 /g l)

T | Y . . .
[ Eye(ndr == | (~lim(2*7 &%)~ lim(2272 /%) 0} + 0+ 0+ Zré’}
0 2 L Z—00 Z—0
1 A ) 7
=—7;°| 27, —lim=—3 —lim =5
2 =0 @Y% e @S
. 2
— l T—3 2,z.3 _ 1 2’ZTS _ 11—{2 2TS
- N N 1m -1 L 2/7g : -1 L 2/7g
2 e T e limz, e
) 7—>00
i 2
Loslan o M2 2e | Lo 25
- S S . -2zt - S S -
2 limz,“e”™™ oo 2 oo

z—o0

120
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A.2.2.2. Mean residence time for three unit cells

The mean residence time for three unit cells is
_ _°° . 4 _°° 1 H 3 3 2 -3 _—(t-31p)/1g d
Luc = | ¢ 3Uc(t) = IE (t— TD)(t— TD) (A t
0 0

We introduce the substitution 7 =t — 37 » and obtain

I !
fue = IIESUC (H)dt = IIEH(I—3TD)(I—3TD)2T§3 e 7S gy
0 0

I %(z +37,)H(2)Z’t5° e ™ dz
31

D

oo

Sf . 1 B B
TSSI(Z+3TD)Z2€ 2/7 dZ:—TSSI[ZSG "/TS+3TDZ2€ "/Ts]dz
2
0 0

N | =

I -
:_T53 _ SZSe 7/t
2

: —[—31'510 22 s duj +37, [(—zzrs —2z75 =277 )e ™ I

0

and thus

fLuc :%Tf (62';‘ +3TD2T§’) =3(z,+7,)

A.2.3.Evaluations for four unit cells

The convolution integral for four unit cells is

Ejuc (1) = Eyyc ()% Eye (6) = [ By (t=1)Eyc (£)dt’

This integral is given by

t

! ! / -3 —(—t'=37p)/7, ’ ~1 _~({'~tp)lts 14/
Bue0)= [ H—=35,)1—1 =35, 5" 0 =5, ) e
0

- %H(t LF =BT VH( =7, )t~ =37, Pt e s df
0

_ %754 e [ = =30,) H (i~ =30, H (1~ 7, )dr
0

To evaluate the integral we introduce the substitution u =t '—1 » so that du =dr " This gives
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I=[(t=t'=30,) Ht—t =32, H({' ~7,)d¢
0

= [ (t—u—47, H(t—u—42,)H)du = [ (t—u—47,) H(t—u—47,)du
—Tp 0

Next we introduce a second substitution W =—u +¢ —47, so that dw = —du . This gives

t—7p -37p 1—41p
I= J‘ (t—u —4z'D)2H(t—u —4r,)du =~ J‘ w H (w)dw = J‘ w?H (w)dw
0 t=41, =37

-4y =41y 3 =47
= f w H (w)dw = H(t-4t,) J‘ widw = H(;_47D){W?}
0

0
=%(t—4z'D)3H(t—4rD)

Thus, we obtain

1 e e
E4Uc(l):H(t_4TD)g(l_4TD)STS4e (=47 )/ 7



Appendix B. Integral evaluations for the PDD model

B.1. Evaluations for one unit cell

B.1.1.Integral of the PDD model
The integral of the PDD model is

[ESc(dt=[H(t—7) [z e ™ S+ (-a)r, " e |dr
0 0

= [[ar e ™ B+ e
b

oo

=ar;' e™'™ .[ef”rs dt+(1-a)z. ' e™'™ Ie””*‘ dr

b b

=ar;'e®'® [—TS e % lb +(l-a)z, ' e?'™ [—TF e }

b

=—qe™'™ [O—e’f“”s]—(l—a)ef“”*' [O—e*v”ﬁ] —a+(1-a)=1

B.1.2.Mean residence time

The mean residence time of the PDD model for a single unit cell is

T = [t (yde = [tH (-7 @z e S+ (1= )z e |t
0 0

To evaluate the integral we introduce the substitution z =7 — 7}, so that dz = d¢ . This gives

fe = [H -7 oz S - )z e dr
0

I (Z + TD)H(Z) [afgl efz/‘rs + (1 _ a’)T;l efz/q_. ] dz

—Tp

[ro)]an' e +(-a)5 e |dz
0

=ty [[ars e (-)r T |de+ [[arg e T+ (- )7 e T Jd
0 0

=1, o'ty + (- )t 7, [+ ory ' + (-5 =7, + ar + (- e,

123
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B.1.3.Variance

The variance of the PDD model for a single unit cell can be computed as follows
2 —a N2
o = [ -Te  Ege(nar
0

= [[t=(zp +az+ (-0, ) HG- ) arg e T R (l— g e (dt
0

We introduce the substitution z =f— 7}, so that dz = d¢ . This gives

oo

Soe = [[1=(7p +azg +(1- ) H —tp)| ot e TSR (—ar e T (dr

T [a-(az+0-a)7) [ H ()| azs' e S+ (-7 e |z

T[z —2z(arg+(1-a)r)+ (a'TS—"(l_a')TF)Z}[a'TS_I e (I—a)r e ]dz
0
T[QTS z7e z/TS+(1 a)T Z e z/rF]dZ
0
_Z[QTS +(1_a)TF]T[a'TS_IZC_Z/TS +(1_a')TI;IZC_Z/TF ]dZ

0

+laz,+ (-7, ] j [ars'e S+ (1-a)r; e ™ iz

We obtain

aUC T[Q'TS z°e Z/TS+(1 a')z' 2e Z/TF]dZ
0
_Z[QTS + (1_a)TF].[[a'TS_IZC_Z/TS + (1_a),z.l;1ze—z/rF ]dZ
0

+[0{TS+(1—0{)TF]2J'[0(TS‘ e +(l-a)t.' e ”’F}dz

=ary' 20+ (- )7 20 —2[ar + (-t )| azy's + (1- )77, |
+ar,+(-a)r, | [m's“rs +(1- a)r;lrF}

=2az2 +2(1-a)7} —[arg+(1-a)7, |
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B.2. Evaluations for the PDD model and multiple unit cells

B.2.1.Two unit cells

B.2.1.1. Convolution integral

The convolution integral of the PDD model for two unit cells is

Sy () = Ef ()% Efe(0) = [ ES (6= )ES (£)dr

This integral is given by

t
E% (1) = j H(t—t 1) oz e ™51 (1—ar e 7 |
0

XH( -ty @ ¢ 54 (1-ayz e Jdr

t
.[ (t t _T )H(t -7 )':a/ TSZ —(t— ZTD)/TS+(1 a,) T -2 —(t 27p)/ 7
0

+a(l-a) Ts—l T;l ( R L e N LN e AT S e T )} dr’
To evaluate this integral we introduce the substitution # =1¢ '—1  so that du = dt’. This gives

t—Tp
ES ()= j H(t—u—27t,)H (u) [0{27;2 e TS L (1—q)’r e T

—7p

+a(1 Q')TS : ( —ulTg—(t—u— ZrD)/rF+ —(t—u=27p )/ 75 —ul T ):|d1/t

t-7p
= .[ H(t —u—- ZTD) [Q'ZTS_Z e—(t—ZTD)/TS + (1 _ a)ZTI;Z e—(t—ZrD)/rF
0

+a(1 Q')TSI l;l ( —ulTg—(t-u—21p )/1F+e—(t—u—21D)/rS—u/rF ):|d1/t
Next we introduce a second substitution W =1 —u — 27, so that dw = —du . This gives

—7p

E;’UC (t)=- J' H(w) [ o’ Ts_z e (2m)/Ts 4 a- a,)z TF—z e (20T

t=21p

+a,(1 OI)TS l; ( —(t—w=21p )/ 75— w/‘L'F+e—w/‘rs—(t—w—Z‘rD)/‘rF ):| dW
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=27
Eguc (1) = .[ H(w) [CZZTS_Z e—(t—ZTD e 4 a- a,)zz_l;z e 2%/

-7

+a(1_ a)TS_ITI;I (e—(t—w—ZTD)/TS—w/TF + e—w/‘rs—(t—w—Z‘rD ) T ):| dW

=27

— .[ H(w) [CZZTS_Z e "2m)/% a- a,)zz_gz e (2%
0

+a(1_ a)TS—lTI;I (e—(t—w—ZTD)/TS—w/TF + e—w/‘rs—(t—w—Z‘rD ) g ):| dW

=21y

=H(t-21,) .[ [Q'ZTS_Z o 2m)/Ts = a,)zz_gz o (=28 )% ] dw
0

Iy

=21

+H(t _ 2TD) .[ a,(l_ a)TS—ITI;I (e—(t—ZrD ) T +wlTg—wl T + e—(t—ZrD)/rF—w/rS+w/rF )dW
0

I

For the first integral we obtain

_ 2 2 —(t-21p)I7, 2 2 _—(t-21p)l7, =27y,
L=t e (- e [w])

=(t— ZTD) [CZZTS_Z e—(t—ZTD VTS (1- a,)zz_gz e—(t—ZTD )M tg }
and for the second

=21
12 — a(l—a)TS_ITI;I .[ (e—(t—ZrD)/rS+w/rS—w/rF+e—(t—ZrD)/rF—w/rS+w/rF )dW
0

_ | —1 —IN—1 _—(1=27p)/ Tg+w/Tg—wl T, —1 —1\—1 —(t=27p )/ Tp—w/Tg+W/T, 1=27p
=a(l-a)5';! | (g =) PRI (g gty e |

- a(l _ Q')TS_ITI;I (Ts_l _ T];l )—1 [e—(t—ZrD)/rS+w/rS—w/rF _ e—(t—Zz'D)/z'F—w/z'S+w/z'F ];_ZTD

_ | —1 —1\-1

=a(l-o)rg r. (73 — 75 )

X[e—(t—ZrD)/rs+(t—21D)/rs—(t—ZrD)/rF _ e—(t—ZTD)/TF—(t—ZTD T +(t=27p ) Tp _ e—(t—ZrD)/rS + e—(t—ZrD)/rF]
— a(l— a)TS—ITEI(TS—I _Tl;l)—l [e—(t—zrD)/rF _e—(t—ZTD)/TS _e—(t—ZTD)/TS + e—(t—ZTD)/rF]

— 2&'(1— a,)z_s—lfl;l(fs—l _TEI)—I [e—(t—ZrD)/‘rF_ e—(t—ZTD )7g ]

Thus we have



127
Eyue ()= H (1 =21, ){(t 27, )[a’ e s L (— ) e zr[,wrF]
+ 2&’(1 — a)TS_IT_l(TS_I —Tgl)_l [e—(t—zr[, S _e—(t—zrD)/TS ]}

The integral of E;;(f) is given by

j E% (1)dr = j H(t-21,){(t-27,)[ @’ e 7 5 (1— )5 e |
0
+ 2&’(1 _ a,)Ts—lz_;l(TS—l _ T;l )—1 ':e—(t—ZTD)/TF _ e—(t—zr[, )T ]} dr

We introduce the substitution 7 =¢— 27, » and obtain

.[E c(Hdt = j H(Z){Z[a'zrs‘z e-z/fs_i_(l_a,)zi_};2 e—z/rF]

=21y

+20(-a)7'5 (5 - 1) [e T - [}z

=[{{a’rze "+ (1-@)’ 1’z |

O"—:S

+a(-a)ri't (7' -7 [e‘Z/’F —e }}dz

and

I Ef o (0dt =| 2075 + (- a) .77, |+ 2a(1- o)t 7 (2" - 7. (7~ 7))

=[ @ +(-a) |+200-0)7'7; (55 -7.) ' (7.~ 75)
=(& +1-2a+a’ )+ 2a(-a)(zy' —7.)) " (¢5'7; 7, — 757775
=1-

200+20° +2a(1- ) (7' —7.") (o5 - 7.)

=1-2a+2a’ +2a(l-a)=1

B.2.1.2. Mean residence time

The mean residence time of the PDD model for two unit cells is

2UC _.[t ch(t)dt —.[IH(I—ZT ){(t 2T, )':a TSZ —(1- ZTD)/TS+(1 a) T -2 —(t ZTD)/‘:F:'
+2a(l-a); ;' (tg —77)™ [e—u—m e _ g (1-270)/% ]} ar

We introduce the substitution 7 =¢— 27, » and obtain
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huc = j (z+27, )H(z){ [Q’ZTS_Z s 41— )z’ z/z’F:‘

27y

r200-a)5's (5 -5 [e - e
- j{[QZTQZ(ZZ +2r,2)e S+ (1)’ 17 (2 +21,7)e T }
0

+2o(l-a)r't (70 - 7.') ! [(z +27,)e T — (2421, )e ™ ]}dz
= 'ty (21, +21,70) + (- )’ 1.7 (27, +27,77)

Ra(-a)r,'t) (7' —1.) 7 (1) + 21,7 — T4 — 2T, T5)

=207 (7, + 7)) +2(1— @)’ (1, + 7)

Ra(l-a)r; —17) (151 + 27,75 — —27,7:)

=2a’t, +2a°t, +2(1- @)’ TF+2(1—0() T

Ra(l-a)r,' -7 [TS_ITII: — 7T, + 27, (75 —TEI)}

=201, +20°1, + 2(1- @)’ 7 +2(1- @)’ 7,

Ra(l-a)r;' -t.") (7't -t +da(l - )T,

=27, [a +(1-a)?+2a(1- a)}za 7, +2(1- @)1, +20(1— P TF—TSIT
s —Tr
22

=27, [@* +1-20+ 0 + 20~ 207 |+ 20°7, + 2(1- @)1, + 201~ @) T
[

(T — T TR +T5)
T — T

=27, +20°7, +2(1- @)’ 7, + 2a(1- )
=271, +2a°T +2(1 -2 + &’ )7 + 2001 — )(T, + 7))
=27, +2a°T, + 27, —4at, + 20’7, + 20T, — 20T, + 20T, — 20’7

=21, +2a1, +2(1- )7, = Z{TD + [m's +(-a)t, ]} =277



Appendix C. Evaluations by Laplace transformation

The unit cell RTD of the PD model is given by

H(t— —
TS TS

and that of the PDD model by

— 1- —
E3c<f>=H<f—fD>ﬁexp{_t TDjJrH(t—TD) “exp[‘t TDJ
T T r

S S F TF

The Laplace transform of Eq. (77) is

0 S
TH(t— 1+s7,)— T 1+s7,)—
:I-—EL—ZQEexp[—zg—iﬂil—zgjdt:j—Lexp(—EL—éﬂil—zgjdt
0 Ts s i Ts Ts
1 T 1+
=—exp " Iexp(—££—¥¥izjdt
Ts Ts )z, Ts
2] o202
Ts Ts )| Ts .
:iexp T_D _Lexp _M
s T )| 1457 s .
:iexp Y Ty exp (I +s75) _ 1 exp _TD(1+STS)+_
(2 Ts )| 1+ 575 (2 1+ 57 (2
__1 exp(—‘L'Ds):i -exp(—7,s)
1+ 574 Ty S+7Tg
Then, the Laplace transform of Eq. (78) is
T 1o l-a
E{.(s)=|exp(—st)ES. (t)dt =— exp(—7,s)+—— exp(—7,s
fe(5) = [ expan e (01 == mg exp (<7p8)+ == exp (7o)

The RTD for 2 unit cells in series is given by the convolution

ESc () = Ejc (8) * Ef. (1)

129

(77)

(78)

(79)
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In the Laplace domain this gives

Efye(5) = Efe(s) Bl (9) = Ege(9) |

= -exp(—7ys) +—— -exp(—7,s)

2
a 1 l-a 1
Ty S+7Tg T. S+7;

2

1 1- 1

:(Z —+ i _lj exp(—27,s)
T, s+T, T, S+T;

The RTD for n unit cells in series is given by the convolution

E;;ZUC (1= Egl—l)Uc (1) * Egc )

In the Laplace domain this gives

n a 1 1-o 1 !
Efc($) =] Ejc(s)| =] — + exp(—ntys (80)
UC( ) [ UC( )} (TS S+TS_1 TF S+Tglj p( D )

For the PD model, itis & =1 and Eq. (80) simplifies to

1 1

——eXxp(—nr.s (81)

E, o (s)=(1+s7) " exp(—nzys) =

The backward transformation in the time domain of Eq. (81) is

EnUC (t) =

(n-1'z! 7,

—_— n_l —_—

see ID 2 (delayed nth power with frequency shift) in the Table of selected Laplace transforms in the

English Wikipedia web site on Laplace transformation.

To determine the inverse of Eq. (80) we take advantage of the binomial theorem which reads

k=0

(a+b)' = i[:ja”_kbk

In the present case # and k are positive integers. Then, for 1 > k the binomial coefficients are

given by

nj. n!
k) kln—k)!

Introducing these results in Eq. (80) gives
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-y " @ ! " e 1 kex (—m’ s) (82)
=\ k) g s+ T, S+ P

_ZHZL ﬁ n—k l_a k 1 1 exp(_nT S)
= ki =k)\ 7 T ) (s+7d)" () °

For n=1 we have

Efiaaw{%[“j [”‘j L L exp(-rp)

Ts

= k\(1-k)! 7. ) (s+7) " (s+1)
a 1 -«

=— (),4 —T.5)+—— (),4 —T~S
T, S+Tg P(=7s) T, S+T, P(=7s)

which is equal to Eq. (79). For n =2 Eq. (82) gives

2—-k k
z 2 o -« 1 1
Ea S)= _— — X —2T h)
2uc(s) gm-k)z[%j ( T, j (s+7,)7 (s+7.) p(=275)

2
o 1 al-a 1 1
=|— | ————exp(27.5)+2— exp(—27,s
( j 1? p(-27p5) T, T, S+T; S+T. p(-27p5)

2
+(1_aj ! exp(—27,s)

7. ) (s+7.)°

For n =3 Eq. (82) gives

3-k k
L6 o - 1 1
Ea S)= _—| — €X —3’1' S
suc(s) kz_:;k!@—k)z[rsj ( T, j (s+7, )" (s+7.) p(=37s)

3 2
=(ﬁj ;exp(—3TDs)+3[ﬁj o 1 ! exp(-37,s)

7, ) (s+7.') T ) T (s+75) s+
2
+3£ 1-a 1_1 1_1 ~exp(-37,s)
T4\ T ) s+7g (s+7)
3
- 1
+ exp(—37.s
( 7. j (s+7.')° P(=375)

For n =4 Eq. (82) gives
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4k k
% 24 o 1-o 1 1
E% (s)= )y ——| — exp(—47.s
soes) Z;k!(4—k)!{rsj [ 7 j s+ s+ p(~47s)
4 3
o 1 o) l-«a 1 1
=| — | ———exp(—4r,s)+4| — exp(—47,s
{TJ (s+75)* p(~47ps) (TJ 7. (s+75) s+ p(—47ps)
M-a) 1 1
+6 a - — — exp (—47,s)
(A T ) (475 ) (s+7:)
3 4
agll-a 1 1 1-o 1
+4— exp(—4zr.s)+ exp(—4r,s
TS[ T j s+75 (s+77) p(~47ps) [ T j CE N p(~47ps)

To obtain the RTD for 7 unit cells in series in the time domain we have to perform the inverse

Laplace transformation of Eq. (82). To simplify Eq. (82) we introduce the following abbreviations

(04
p==

TS

-
VyE——

TF

|
B, __n
T kl(n—-k)!
— 1 1 _ —1\—(n—k) —1\—k

F, ()= =(s+7g) (s+7:)

s+ s+

The binomial coefficients B, , and the functions F, , (s) are given for n=1—4 and k =0—4 in

Tab. 5 and Tab. 6, respectively.

Tab. 5: Binomial coefficients Bn , for n= 1-4 and k=0—-4.

k=0 k=1 k=2 k=3 k=4
n=1 1 1 - - -
n=2 1 2 1
n=3 1 3 1 -
n=4 1 4 6 4 1




Tab. 6: Functions Fn’k (s) forn=1—4 and k=0-4.
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k=0 k=1 k=2 k=3 k=4
n=1|(s+75')" (s+7.)" - - -
n=2(s+7; )7 |(s+75)  (s+7.)" (s+7.)7 - -
n=3(s+75 )7 |(s+ 75 )2 (s+7 ) s+ 7 ) (s+7) 7 (s+7:)~ -
n=4|(s+ 7, ) s+ ) s+ s+ 7 ) s+ ) s+ ) T s+ ) (s )
Then Eq. (82) can be written as

Ejc(9)=D B, B V'F,  (s)exp(-nzys) (83)

k=0
The inverse of Eq. (83) is given by
Enc@® =3 L (B, B V' F, (s exp(-n7ys)}

k:() 84)

=>'B, SV L{F, (s)exp(-ntys)}

k=0
Taking advantage of the following time shift property of the Laplace transform
L {F(s)exp(-as)}=f(t-a)H(t—a)
Eq. (84) simplifies to
ES%.()=H(t-nty))Y B, BV f, (t—ntp) (85)

where

fu=L"{F,

k=0

(9}

To determine the inverse Laplace transforms we take advantage of the relations listed in Tab. 7.
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Tab. 7: Inverse Laplace transforms. In the reference column the numbers refer to those in McCollum and Brown

(1965), CB, and Roberts and Kaufman (1966), RK, respectively.

F(s) f@ Reference
(s+a)™” M 23in CB
(n=1)!
(s+a)'(s+b)" ! [exp(—at) —exp(=bt)] 14in CB
—a
(s+a)'(s+b)? @ —1b)2 {eXp(—at) + [(a -b)t— 1] exp(—bt)} 27 in CB
S L|texp(—at) 2exp(—at)  texp(=bt) 2exp(=br) )
(s+a)~(s+b) (b—a)2 (b—a)3 + (a—b)2 (a—b)3 33in CB
1 1 89 of
(s+a)'(s+b)> - {[1 —(a=b)t+—(a-b)’t’ } exp(—bt)— exp(—at)} section 2 in
(a—b) 2 RK

With the above results, the inverse Laplace transforms of F,  (s) for n=1-4 and k =0—4 are

as follows

fr0() =exp(—75'

1)

[, () = exp(—7;'1)

fz,o(l) = lexp(_fs_ll)

1
o )=—7—=
. -1

F S

[exp(—z‘s’ 't)—exp(—7; lt)}

fo,(t) =texp(—7;'1)

2

fio(D)= %exp(—fs_lt)
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exp-r;'n) | (&' —% -1 fexp-5'n)
(Tl;l _TS—I)Z (Tl;l _TS—I)Z

f3,1(’) =

exp-z;'n) | (&' -7 -1 fexp(-5'n)
(TS_I _Tl;l)z (TS_I _Tl;l)Z

fS,z(’) =

IZ
fi:(0)= Eexp(—rglt)

3

Fio(t) = %exp(—rs_lt)

fu(= m{[l — (' =1+ % (7' —75')t }x exp(—7;'t) —exp(-7;'1)}
o 1D 201 1) 2
(TF — T ) (TF —Ts ) (Ts — Tk ) (Ts — T )
11 | I -1 -1
f4,3(t) = m{[l_(fs — T )I+E(Ts —Tp )t :IXGXP(—TF 1) —exp(—7y t)}

3

IOE %exp(—r;‘t)

With these results, we obtain the RTD of the PDD model for two and three unit cells from Eq.
(85) as follows:

Ejc(=H(t=22,) B, B 7 f,,(1=21,)

k=0

=H(t-27,) {BZ,()IBZfZ,() (r=27;) + BZ,lﬁny,l(t —27,)+ Bz,272f2,2 (t— ZTD)}

2 2
:H(t—zrD){(t_sz)Kﬁj exp[_t—ZTD}{l—aj exp[_t—ZTDﬂ
75 T (2 T,
2 al—a{ ( t—Zz'Dj ( I_ZTDH}
Tt o exp| — —exp| —
g =T Ts Tp (2 T,

and
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Ejc()=H(t=37,)) By, 7Y [, (t=31,)

k=0

= H(t=31,){B, B’ ., (t —27,) + B, B’V f,,(t =37
+B,,B7 f,,(t=37,)+ B,V f,,(t —27,)}

2 (2 T

N 3 a ’ -
(Tgl _Ts—l)z 7 T,

x{exp [—t_3TDj+[(T; —TS_I)(I—3TD)—1}exp[—t_:TD ﬂ

T S

3 agll-a ’
+ —1 —1\2
(TF _TS ) TS TF

X {exp (— ! _T3TD j + [(‘L’S_1 -7 (t=37,)— 1} exp (— ! _T3TD ﬂ

S F

— 2 _ 3 _
L 321'])) (1 aj exp[—t 3TDJ}
T T,

The expression for EfUC () can also be obtained from the above results. However, due the

complexity of the expression it is not explicitly given here.
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Figures

Top: periodic b.c.
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Bottom: periodic b.c.

Fig. 1: Sketch of computational domain and co-ordinate system.
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Fig. 2: a) Illustrations of influence of Af,s on the numerically evaluated RTD curve. b) Comparison

of RTD curves for two unit cells, obtained from case Al with N =2 and from case A2 with Nos=1.
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Fig. 3: Visualization of bubble shape and local non-dimensional residence time in two different planes

for case B1.

Tog = Vi 1 O Torg =V 1 O,
oo
Eis ]
S
e Mp(f_m]
o TCSTR_ TCSTR_

/ Tpmp = Tp = Lye ' Up

Togrr T =Lye /T

Torm t[s]

Fig. 4: Compartment representation of the WGO model. Oy is the volumetric flow rate of the liquid
phase and Vpggr and Vcgrr are the volume of the plug flow reactor and the continuous stirred tank

reactor, respectively.
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Fig. 5: Comparison of numerically evaluated unit cell RTD with the WGO model for (a) case Al and
(b) case C. The dashed vertical line indicates the bubble break-through time for each case.
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Fig. 6: Computed bubble shape and velocity field in vertical mid-plane z = 1 mm for fixed frame of
reference (left half) and for frame of reference linked to the bubble (right half) for (a) co-current

upward flow (case G in Worner et al., 2007) and (b) co-current downward flow (case C).



140

1 5 L 1 . ] . 1 . 1
jSubnbubnlulnlnlier - 4 A AbAdikAa i 2-Sulininielnielnle S
] vvv' 000000000000 'vvv
1 0 800 0d000000 v—, ‘,-i.ml.-l.."l..l'.."'- '\V\; -------- -
- v a® '\L
= T :
m ¥ \d
2 ; v
S 'y
\.§ i
A1 B1 C x I
wl, ——a— -e- —ve| X |
th L
UL;max/UB I
\
0.0 0.2 0.4 0.6 0.8 1.0

X Lyef ]

Fig. 7: Wall-normal profiles of magnitude of axial velocity in a horizontal cross-section through the
middle of the liquid slug for case Al, B1, and C. For each case the velocity profile is normalized by
the respective bubble velocity. The horizontal lines denote the normalized maximum velocity of a

fully developed Poiseuille profile for each case.
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Fig. 8: Compartment representation of the PDD model. Oy is the volumetric flow rate of the liquid.
Vper 1s the volume of the plug flow reactor while Vs and Vg denote that of the continuous stirred tank
reactor, respectively. The subscripts ‘S’ and ‘F’ correspond to the liquid slug and the liquid film /

corner flow , respectively.
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Numerical RTD
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Fig. 9: Comparison of numerically evaluated RTD for case C with the PD model and the PDD model

for f=1and £=0.97.
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Fig. 10: Comparison of numerically evaluated RTD curves for case Al (a) and B1 (b) with the PD

model and the PDD model for f= 1 and f=0.97.
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Cm(f) Cout (t) = Cm *E

*f

ucC

Fig. 11: Schematic representation of convolution procedure for a general case (top) and for a unit cell

of bubble train flow (bottom).
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Fig. 12: Comparison of numerically evaluated RTD curves for case A2 (a) and B2 (b) with the PD

model and the PDD model The dashed vertical lines correspond to the delay time for each case.
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Fig. 13: Comparison of numerically evaluated RTD curves for Ns=3 with convolutions of the PD

model and PDD model for (a) case Al and (b) case B1. The dashed vertical lines correspond to the

delay time for each case.
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